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Abstract: In this article, the Caputo Fabrizio fractal fractional order derivatives operator with an exponential kernel was employed to examine the 

radiative heat and mass transfer characteristics of time dependent flow with variable fluid viscosity, induced magnetic field, Soret and Dufour 

effects. The local mathematical model for the flow problem is formulated by take into account the impacts of thermal radiation, heat source, and 

viscous dissipation. The governing equations in-terms of fractal fractional model with an exponential kernel were solved numerically using finite 

difference method. The influence of flow variables such as induced magnetic field, concentration field, entropy rate, thermal field, and velocity 

field profiles against the pertinent parameters are discussed through graphs. Increase the values of magnetic Prandtl number results to rises of 

induced magnetic field. Higher Dufour number significantly grows the thermal field. The fractal fractional parameters enhance the velocity field, 

thermal field, Bejan number, entropy rate, concentration field and induced magnetic field profiles. The velocity field profiles recede with higher 

values of fluid variable viscosity parameter whereas the thermal field and induced magnetic field has an opposite effect. Larger Soret number 

amplifies the concentration field. Increase of Brinkman number, thermal radiation parameter, and magnetic Prandtl number intensifies the entropy 

generation rate. Increases of Brinkman number, magnetic Prandtl number, Soret number and Dufour number leads to a decrease of Bejan number 

whereas Bejan number rises with an increase of thermal radiation parameter and heat source. 
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INTRODUCTION  

In various energy engineering and transformation 

operations, such as cancer therapy, nuclear power plants, 

and aircraft gadgets, radiation heat creation is crucial for 

the structure and development of equipment. The 

difficulties or challenges of creating industrial processes 

employing the radiation effect are investigated by many 

scientists and engineers through a variety of 

experiments and theoretical analyses. Li et al. [1] 
studied the influence of chemical reaction and properties 

of unstable MHD that dissipate energy in the presence of 

an activation energy in compressed Casson fluid flow 

through a horizontal channel. Chu et al. [2] analyzed the 

stretched nanomaterial containing Arrhenius catalysts has 

a double diffusion impact on the bio-convective 

magnetized flow of tangent hyperbolic liquid. 

Liu et al. [3]  explored numerically bio- convective 

analysis of rate type nanofluid affected by Nield thermal 

restrictions and distinctive slip features. Li et al. [4] 
presented Utilizing stagnation point flow to generate 

entropy, the Carreau nanofluid’s bioconvection effect uses 

the Cattaneo-Christov heat flux. Hussain et al. [5] 
investigated gyrotactic microorganism dynamics for 

chemically reactive magnetized 3D Sutterby nanofluid 

flow with non-uniform heat sink-source characteristics. 

Hussain et al. [6]  studied Williamson nanofluid 

convectively heated radiative flow is impacted by 

ferromagnetic nanoparticles. Zafar et al. [7]  analyzed 

gyrotactic microorganisms for the simulating Prandtl 

Nanofluid in mixed convective activation energy flow. 

Waqas et al. [8] examined analytically the shape factor 

effects on the flow of a dissipative SW/MWCNT-

nanofluid coating from a stretching wall to a porous 

medium. Rathore and Sandeep [9] performed mono- and 

trihybrid nanofluids under solar thermal energy in the 

evacuated thermal collector tube. Chu et al. [10] studied 

the Hybrid nanofluid’s thermal impact is caused by a 

porous surface with thermo-diffusion properties that is 

inclined and oscillatory. Abbas et al. [11]  analyzed 

comparative study of produced MHD radiative Sutterby 

fluid flow in an elastic stretching cylinder or sheet in the 

presence of fluctuating thermal radiation. Wang et al. [12] 
investigated impacts of solar radiation and chemical 

reactivity on the Buongiorno model’s electromagnetic 

Maxwell nanofluid flow. 

Recently, Babu et al. [13] studied viscous thermophoretic 

fluid that is chemically reactive and has a changeable 

thermal conductivity is flowing across a wedge. 

Kheder et al. [14] presented comparative analysis of the 

entropy generation for a general fluid in a sloped channel 

from the viewpoints of classical and non-Fourier’s law. 

Sajid et al. [15] analyzed Tri-hybridity nanofluids flowing 

across a wedge with convective boundary restrictions and 

activation energy have an impact on endothermic and 

exothermic chemical processes. Nazeer et al. [16] 
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investigated the momentum and thermal transfer in the 

thermally heated square conduit using MHD nanofluid. 

ur Rahman et al. [17] studied an assessment of the effects 

of activation energy on MHD bioconvective flow of 

nanofluids. Maaitah et al. [18]  presented an analysis of 

the viscous dissipation of Williamson fluid through a 

saturated porous plate that is horizontal and has a constant 

wall temperature. Kodi et al. [19] discussed Hall current, 

thermal radiation, and Soret effects in the unsteady 

magnetohydrodynamic flow of Jeffrey fluid over porous 

medium. Ali et al. [20]  discussed the blood circulation, 

respiratory system, and Darcy Forchheimer flow of ternary 

hybrid nanofluid. Mahesh et al. [21] analyzed effects of 

radiation, Stefan blowing, and chemical reaction on the 

pair stress fluid flow in the stretching surface under an 

angled magnetic field. Sowmiya and Kumar [22] 
explored impacts of activation energy in porous media 

with MHD Maxwell nanofluid flow across a stretching 

cylinder with microorganisms. Sharma et al. [23] 
investigated numerically the radiative MHD using power-

law fluid flow of blood through a curved artery with the 

Hall effect. Basit et al. [24] discussed an exponentially 

permeable stretching surface is used in the numerical 

modeling of the bioconvective Casson nanofluid. 

Hobiny et al. [25]  analyzed numerically the viscosity 

dissipation in ferromagnetic Carreau fluid flow. 

Reddy et al. [26]  investigated the influence of thermal 

radiation on MHD flow with non-linearly stretching sheet. 

The system’s inability to fully utilize the energy it has 

available is known as its entropy. The key contributors to 

a system’s increasing entropy include irreversible mass, 

heat, and fluid transfers, as well as fluid friction. The 

overall entropy of the system is the product of these three 

elements. The importance of irreversible elements related 

to friction, heat transport, and other imperfect processes 

within a system is highlighted by entropy generation. 

Bhatti et al. [27] investigated the influence of an entropy 

generation and the nonlinear heat radiation on a porous 

shrinking sheet-based non-Newtonian nanofluid. 

Sudarsana Reddy and Sreedevi [28] studied in a square 

cavity with thermal radiation, a magnetic hybrid nanofluid 

is being studied for entropy formation and heat transfer. 

Sahoo and Nandkeolyar [29]  analyzed the impacts of 

thermal radiation on a mixed convective flow of a Casson 

nanofluid with Hall current and dissipative heat transfer. 

Lopez et al. [30] discussed influence of nonlinear thermal 

radiation, and convective-radiative boundary conditions 

in MHD nanofluid flow in a vertical microchannel with 

slip flow. Reddy [31]  analyzed biomedical features of 

flow of a hybrid nanofluid with the nonlinear thermal 

radiation and a non-uniform heat source/sink. 

Khan et al. [32] studied entropy production minimization 

is used to account for nonlinear radiative heat flux in 

convective nanomaterial flow. 

Salawu and Ogunseye [33]  investigated an entropy 

production in a Powell-Eyring chemical reaction 

involving a nanofluid with varying conductivity and 

electric fields. Ullah et al. 
[34] studied numerically the finite difference approach for 

entropy generation and heat transfer study in power-law 

fluid flow. Muhammad et al. [35] analyzed the influence 

of second order slip and an entropy creation were generated 

by the magnetohydrodynamics radiation of nanomaterial 

and viscous flow in the curved surface. Shah et al. [36] 
investigated influence of the radiative and chemical 

reacting on MHD Casson Nanofluid Flow over past 

nonlinearly stretched surfaces with activation energy. 

Khan et al. [37]  studied numerically the MHD mixed 

convective radiative slip flow with varying fluid 

parameters and the presence of an entropy generation. 

Khan et al. [38]  studied the main characteristics of the 

Dufour and Soret effect in the radiative MHD flow of a 

viscous fluid via a rotating cone with entropy generation. 

Khan et al. [39]analyzed the thermal analysis of Darcy-

Forchheimer nanoparticles exposed to entropy generation 

in radiative flow. Hayat et al. [40] analyzed numerically 

using finite difference method for Casson fluid flow with 

diffusion-thermal and thermo diffusion effects. 

Subramanyam Reddy et al. [41]  presented an entropy 

generation in a vertical channel with pulsatile flow of 

Jeffrey hybrid nanofluid. Dadheech et al. [42] studied an 

entropy generation analysis of two separate fluids through 

a porous medium during radiative inclined MHD slip 

flow with heat sink/source. Khan et al. [43]  analyzed 

an entropy production in a chemically reactive flow of a 

Reiner-Rivlin liquid carrying tiny particles is considered 

in the presence of thermal radiation. Li et al. [44] analyze 

the heat and mass transfer in a radiative, time-dependent 

flow with chemical reaction, ohmic heating, and viscous 

dissipation. Li et al. [45]  studied the Sutterby 

nanomaterial flow optimized for entropy in a porous 

medium. Hussain et al. [46 ] studied numerically the 

Darcy-Forchheimer flow in the vertical flat plate with 

uneven heat source/sink of cross nanofluids. 

Murtaza et al. [47] studied the use of finite difference on 

casson fluid in a micro channel by employing the fractal 

fractional order operator. 

In 1873, the Dufour effect, or thermal flux caused by a 

concentration gradient, was identified by Charles L. 

Dufour. It is known as the diffusion-thermo effect. 

However, Soret was aware that a temperature differential 

may cause a mass flux. Here is an illustration of the 

thermal-diffusion effect. When the flow regime has large 

density differences, Dufour and Soret impacts become 

important. the thermal radiation, Du- four, and Soret 

impacts on magnetohydrodynamic flows can be seen in 

engineering applications such as heat insulation, 

geothermal systems, MHD generators, and drying 

technology. Ahmed [48]  investigated the diffusion-

thermo and MHD radiating flow with thermal diffusion. 

Mouli et al. [49]  discussed the effects of Soret and 

Dufour on Sutterby fluid after a stretching sheet using 

spectral relaxation approach. In the presence of thermal 

buoyancy, viscous dissipation, and unstable heat and mass 

transfer flow, the positive and negative effects of the Soret 

and Dufour are examined by Falodun et al. [50]. Using a 

heat sink, a porous medium, and double diffusive 

convection, cross diffusive effects on a Casson fluid across 

a Riga plate are studied by Asogwa et al. [51]. 
Prasad et al. [52]  presented the impact of double 

diffusivity on mixed convection Casson fluid passing a 

wavering inclined plate in the porous Darcian medium. 

Akram et al. [53] examined the partial slip on Eyring-

Powell nanofluids’ double-diffusion convection under the 

influence of peristaltic propulsion and an angled magnetic 

field from a theoretical perspective. Negi et al. [54] 
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discussed the Stefan blowing impact on copper-water 

nanofluid flow over a stretching surface in the Cattaneo-

Christov double-diffusion model. 

Mondal and Mahapatra [55]  explored the MHD 

nanofluid convection and entropy formation in a 

trapezoidal cavity with the double-diffusive. 

Noon and Haddad [56]  analyzed the rotating double-

diffusive convection’s stability under varying gravity 

conditions and with reaction effects. 

Bouachir et al. [57] investigated double-diffusive 

convection with an influence of Soret and Dufour in a 

vertical brinkman porous enclosure. 

Vijay and Sharma [58] discussed the influence of Soret 

and Dufour in MHD hybrid nanofluid flow across a 

rotating disk. Mishra et al. [59] studied the blood flow via 

a stenosed artery with varying viscosity under the impacts 

of Soret and Dufour. 

Induced magnetic field on MHD flow of mass and heat 

transfer continues to be of interest to researchers due to its 

various range of practical applications in engineering, 

science, and technology. Ramzan et al. [60]  studied the 

computational analysis of the Cattaneo-Christov heat flux 

and the impacts of induced magnetic field in the flow of 

nanofluid along a curved surface. Mng’ang’a et al. [61] 
explored the effects of a chemical reaction and an 

induced magnetic field on an MHD surface-driven flow. 

Dolui et al. [62] studied the combined effects of thermal 

radiation and induced magnetic field together have an 

impact on the flow of a ternary hybrid nanofluid via an 

angled catheterized artery with multiple 

stenosis . Khan et al. [63]  discussed the Water-based 

graphene-oxide flow at the point of stagnation over a 

stretching/shrinking sheet in an induced magnetic field 

with heterogeneous and homogeneous chemical reaction. 

Akram et al. [64]  studied numerically Ellis nanofluid 

undergoes twofold diffusion convection during peristaltic 

pumping as a result of an induced magnetic field in a non-

uniform channel. Mng’ang’a [65] investigated the effects 

of Newtonian cooling, chemical reaction, induced 

magnetic field, and Joule heating on MHD generalized 

Couette flow. Akram et al. [66] presented the effects of 

hybrid double-diffusivity convection and an induced 

magnetic field on the peristaltic waves of Oldroyd 4-

constant nanofluids in a non-uniform channel. 

Akram et al. [67]  investigated the hyperbolic tangent 

nanofluid flowing in a non-uniform channel with an 

induced magnetic field under double-diffusive convection. 

Mng’ang’a [68] studied the influence of Ohmic heating, 

induced magnetic field, and Newtonian heating on Jeffrey 

nanofluid Couette flow with convective cooling between 

the horizontal surfaces. Singh et al. [69] investigated the 

effects of the Hall current and induced magnetic field on 

transient MHD nanofluid flow between two vertically 

alternate magnetized surfaces. Mahato et al. [70] studied 

unsteady radiative hydromagnetic mixed convection 

Casson fluid flow with Soret effect, induced magnetic 

field, chemical reaction, and convective boundary 

conditions approaching a stagnation point. 

Alam et al. [71]  discovered the impacts of induced 

magnetic field on mixed convection flow of vertical plate 

with constant heat, and mass fluxes. 

From the comprehensive literature mentioned above 

includes multiple investigations on the MHD flow of various 

fluids with or without induced magnetic fields in the flow. 

Considering the importance of combined effects of heat and 

mass transfer with induced magnetic field, variable fluid 

viscosity, and thermal radiation on different field of 

technology, science, and engineering. No such study has been 

reported on the numerical analysis of the Caputo-Fabrizio 

fractal-fractional model of radiative heat and mass transfer 

characteristic of time flow dependent flow with exponential 

kernel. The main novelty of the present study is to apply the 

Caputo-Fabrizio fractal fractional order derivatives operator 

with exponential kernel on the combined effects of variable 

fluid viscosity, induced magnetic field, Dufour, and Soret 

effects on radiative time dependent flow. In addition the 

viscous dissipation, thermal radiation, entropy generation, 

and heat source has also been considered. The non-linear 

PDEs of the governing equation were solved numerically 

using finite difference method. The effects of embedded 

parameters on the flow variables are given through graphs 

and discussed in detail. 

 

MATHEMATICAL MODEL FORMULATION WITH 

FRACTAL FRACTIONAL OPERATOR 

 

Consider bi-dimensional reactive unsteady 

hydromagnetic, laminar flow, viscous liquid flow and 

electrically conducting fluid in the flat plate with an induced 

magnetic field 𝐵⃗ 𝑦, a uniform constant suction 𝑢′ = 𝑢𝑜 across 

an infinite flat plate. The Fractal fractional model of radiative 

heta ans mass transfer consider the impacts of thermal 

radiation, heat source, magnetic fields and viscous 

dissipation. no external forces including gravity is taken into 

account in the flow. The magnetic field vector is (𝐵⃗ 𝑦, 𝐵⃗ 0) 

such that a constant magnetic field 𝐵0 applied perpendicular 

to the plate as shown in the figure 1. 

 
Fig  1: Geometry of the problem.  

 

The governing equations such as continuity , momentum , 

energy, concentration, and magnetic induction equations of 

the present physical system are as follow[26,72,74]:-
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𝜕𝑢′

𝜕𝑥′
= 0 ⇒ 𝑢′ = −𝑢0  (1) 

 
𝜕𝑣′

𝜕𝑡′
= 𝑢0

𝜕𝑣′

𝜕𝑥′
+
𝜇𝑒𝐵0

𝜌

𝜕𝐵′𝑦

𝜕𝑥′
+

𝜕

𝜕𝑥′
(𝜇(𝑇′)

𝜕𝑣′

𝜕𝑥′
)  (2) 

 

𝜕𝑇′

𝜕𝑡′
= 𝑢0

𝜕𝑇′

𝜕𝑥′
+

16𝜎𝑇∞
′3

3𝑘(𝜌𝐶𝑝)

𝜕2𝑇′

𝜕𝑥′2
+

𝑘

𝜌𝐶𝑝
(
𝜕2𝑇′

𝜕𝑥′2
) +

1

𝜌𝐶𝑝
(
𝜕𝐵′𝑦

𝜕𝑥′
)
2

+
𝐾𝑡𝐷𝑚

𝐶𝑝𝐶𝑠

𝜕2𝐶′

𝜕𝑥′2
+
𝑊(𝑇′−𝑇∞)

𝜌𝐶𝑝
+
𝜇(𝑇′)

𝜌𝐶𝑝
(
𝜕𝑣′

𝜕𝑥′
)
2            (3) 

 

 
𝜕𝐶′

𝜕𝑡′
= 𝑢0

𝜕𝐶′

𝜕𝑥′
+
𝐷𝑚𝐾𝑡

𝑇𝑚

𝜕2𝑇′

𝜕𝑥′2
+ 𝐷𝑚

𝜕2𝐶′

𝜕𝑥′2
+ 𝐾𝑟(𝐶∞ − 𝐶′)  (4) 

 

 
𝜕𝐵′𝑦

𝜕𝑡′
=
𝜕𝐵′𝑦

𝜕𝑥′
𝑢0 +

1

𝜇(𝑇′)𝜎
(
𝜕2𝐵′𝑦

𝜕𝑥′2
) +

𝜕𝑣′

𝜕𝑥′
𝐵0  (5) 

 

Initial and boundary conditions are as follows[26,72,74] :-{

𝑣′ = 0, 𝐶′ = 𝐶∞, 𝐵′𝑦 = 0, 𝑇′ = 𝑇∞     at     𝑡′ = 0

𝑣′ = 𝑈, 𝐶′ = 𝐶𝑤, 𝐵′𝑦 = 𝐵0, 𝑇′ = 𝑇𝑤     at     𝑥′ = 0

𝑣′ = 0, 𝐶′ = 𝐶∞, 𝐵′𝑦 = 0, 𝑇′ = 𝑇∞     as     𝑥′ → ∞

  

  (6) 

 In this study the fluid viscosity is assumed to vary exponentially with temperature of the fluid following [73] is given as follows:- 

 

𝜇(𝑇) = 𝜇0𝑒
𝛼(𝑇∞−𝑇′)   (7) 

 

To non-dimensionalize the governing equations, We use the following dimensionless varaibles or quantities for the present 

magnetohydrodynamic problem:-  

 
𝐵∗ = √

𝜇𝑒

𝜌

𝐿

𝜈
𝐵′𝑦,    𝑉 =

𝐿

𝜈
𝑣′,        𝐶′ = 𝐶∞ + 𝜙(𝐶𝑤 − 𝐶∞),     

𝑇′ = 𝑇∞ + 𝜃(𝑇𝑤 − 𝑇∞),    𝑡′ =
ℎ2𝜏′

𝜈
,    𝑥′ = 𝐿′𝜂′    

  (8) 

 Utilizing the dimensionless quantities or variables defined in Eq.(8); The governing equations defined in Eqs.(2), (4), (5) and (3), 

in dimensionless form are as follows:-  
𝜕𝑉

𝜕𝜏′
= 𝑆

𝜕𝑉

𝜕𝜂′
+𝑀

𝜕𝐵𝑦
∗

𝜕𝜂′
+ 𝑒𝜀𝜃

𝜕2𝑉

𝜕𝜂′2
+ 𝜀

𝜕𝑉

𝜕𝜂

𝜕𝜃

𝜂
  (9) 

 
𝜕𝜃

𝜕𝜏′
= 𝑆

𝜕𝜃

𝜕𝜂′
+ 𝑄𝜃 + 𝑒𝜀𝜃𝐸𝑐 (

𝜕𝑉

𝜕𝜂′
)
2

+ 𝐽 (
𝜕𝐵∗

𝜕𝜂′
)
2

𝐷𝑢
𝜕2𝜙

𝜕𝜂′
2 +

1

𝑃𝑟
(
4

3
+ 𝑅)

𝜕2𝜃

𝜕𝜂′2
                                                         

  (10) 

 
𝜕𝜙

𝜕𝜏′
= 𝑆

𝜕𝜙

𝜕𝜂′
+ 𝑆𝑟

𝜕2𝜃∗

𝜕𝜂′2
+

1

𝑆𝑐

𝜕2𝜙

𝜕𝜂′2
  (11) 

  
𝜕𝐵∗

𝜕𝜏′
= 𝑆

𝜕𝐵∗

𝜕𝜂′
+

1

𝑒𝜀𝜃𝑃𝑟𝑚
(
𝜕2𝐵∗

𝜕𝜂′2
) −

𝜕𝑉

𝜕𝜂′
  (12) 

 where by 𝐽 represent Joule heating parameter, 𝐺𝑟 represent thermal Grashof number, 𝑅 represent thermal radiation parameter, 𝑆𝑟 
represent Soret number, 𝑀  represent magnetic parameter, 𝑆  represent suction parameter, 𝑆𝑐  represent Schmidt number, 𝑃𝑟 
represent Prandtl number, 𝐷𝑢  represent Dufour number, 𝑄  represent heat source parameter, 𝑃𝑟𝑚  represent magnetic Prandtl 

number, 𝐺𝑐 represent mass Grashof number, and 𝐸𝑐 represent Eckert number which are defined mathematical as follows:- 

 

𝐸𝑐 =
𝑈′
2

𝑐𝑝(𝑇𝑤−𝑇∞)
, 𝐺𝑟 =

𝑔𝛽∗
𝑡ℎ2(𝑇𝑤−𝑇∞)

𝜈𝑈′
, 

𝑆 =
𝑢0

𝑈′
, 𝑆𝑐 =

𝜈

𝐷
,𝑅𝑑 =

4𝜎𝑇∞
′3𝜈

𝑘𝜌𝐶𝑝ℎ2
, 𝑆𝑟 =

𝐷𝑚𝐾𝑡(𝑇𝑤−𝑇∞)

𝑇𝑚(𝐶𝑤−𝐶∞)𝜈
, 𝑃𝑟 =

𝜇𝑐𝑝𝜈

𝑘
, 𝑀 =

𝐵0𝜇𝑒ℎ
2

𝑈′𝜈𝜌
, 𝐷𝑢 =

𝐾𝑡𝐷𝑚(𝐶𝑤−𝐶∞)

𝜈𝐶𝑝𝐶𝑠(𝑇𝑤−𝑇∞)
, 

𝑄 =
ℎ2𝑊

𝜈𝜌𝑐𝑝
, 𝐽 =

𝐵0
2

𝜌𝐶𝑝𝜈(𝑇𝑤−𝑇∞)

𝐺𝑐 =
𝑔𝛽∗

𝑐ℎ2(𝐶𝑤−𝐶∞)

𝜈𝑈′
, 𝑃𝑟𝑚 = 𝜇𝑒𝜎𝜈

  (13) 

 initial and boundary conditions are as follows:-  
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{

𝑉 = 0, 𝜙 = 0, 𝐵 = 0, 𝜃 = 0,     at     𝜏 = 0
𝑉 = 1, 𝜙 = 1, 𝐵 = 1, 𝜃 = 1,     at     𝜂 = 0
𝑉 = 0, 𝜙 = 0, 𝐵 = 0, 𝜃 = 0,     as     𝜂 → ∞

   (14) 

 

 

The Caputo-Fabrizio with non singular exponential kernel is given by 

 𝐶𝐷𝑡
𝛼𝑓(𝑥, 𝑡) =

𝑀(𝛼)

1−𝛼
∫
𝑡

0

𝜕𝑓(𝑥,𝑡)

𝜕𝜏
𝑒𝑥𝑝 (−

𝛼(𝑡−𝜏)

1−𝛼
) 𝑑𝜏   

0 < 𝛼 < 1 

  (15) 

where by 𝑀(𝛼) represent normalization function and 
𝑀(𝛼)

1−𝛼
𝑒𝑥𝑝 (−

𝛼(𝑡−𝜏)

1−𝛼
) represent non-singular exponential kernel. 

The exponential decay kernel of the fractal-fractional derivative of order 𝛼 in the Riemann-Liouville sense is given as 

follows[47]:- 

 

 𝐹𝐹𝐷𝑥
𝛼,𝛽
𝑓(𝑥) = (

𝑀(𝛼)

1 − 𝛼
)𝑥𝛽∫

𝑥

0

𝑓(𝜉)𝑒𝑥𝑝 (−
𝛼(𝑥 − 𝜉)

1 − 𝛼
)𝑑𝜉 

0 < 𝛼, 𝛽 ⩽ 1  (16) 

 where 𝑀(0) = 𝑀(1) = 1. 

The classical governing equations given in (9), (10), (11) and (12) are transformed into the governing equations of the 

Caputo-Fabrizio fractal-fractional operator with exponential kernel take the following form[47]:- 

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
𝑉 = 𝑆

𝜕𝑉

𝜕𝜂′
+𝑀

𝜕𝐵𝑦
∗

𝜕𝜂′
+ 𝑒𝜀𝜃

𝜕2𝑉

𝜕𝜂′2
+ 𝜀

𝜕𝑉

𝜕𝜂

𝜕𝜃

𝜂
                                

                (17) 

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
𝜃 = 𝑆

𝜕𝜃

𝜕𝜂′
+ 𝑄𝜃 + 𝑒𝜀𝜃𝐸𝑐 (

𝜕𝑉

𝜕𝜂′
)
2

+ 𝐽 (
𝜕𝐵∗

𝜕𝜂′
)
2

𝐷𝑢
𝜕2𝜙

𝜕𝜂′2
+

1

𝑃𝑟
(
4

3
+ 𝑅)

𝜕2𝜃

𝜕𝜂′2
 (18) 

 

 

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
𝜙 = 𝑆

𝜕𝜙

𝜕𝜂′
+ 𝑆𝑟

𝜕2𝜃∗

𝜕𝜂′2
+

1

𝑆𝑐

𝜕2𝜙

𝜕𝜂′2
  (19) 

  

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
𝐵∗ = 𝑆

𝜕𝐵∗

𝜕𝜂′
+

1

𝑒𝜀𝜃𝑃𝑟𝑚
(
𝜕2𝐵∗

𝜕𝜂′2
) −

𝜕𝑉

𝜕𝜂′
  (20) 

 

Here  𝐹𝐹𝐷𝜏′
𝛼,𝛽

 represent the fractal fractional operator with an exponential kernel following by 

 𝐹𝐹𝐷𝜏
𝛼,𝛽Θ(𝜏)

= (
𝑁(𝛼)

1−𝛼
) 𝜏𝛽 ∫

𝜏

0
Θ(𝜉)𝑒𝑥𝑝 (−

𝛼(𝜏−𝜉)

1−𝛼
)𝑑𝜉    

0 < 𝛼, 𝛽 ⩽ 1.  (21) 

 where 𝑁(0) = 𝑁(1) = 1 

 

ENTROPY GENERATION ANALYSIS  

 The reduction of energy resource waste is one of the key factors for scientists and researchers. It is essential to increase 

the effectiveness of current systems. This makes it possible to examine how entropy is produced in systems and contributes to the 

irreversibility of energy. the following definition of entropy generation 

 

𝐸𝐺′ =
1

𝜎𝑇∞
(
𝜕𝐵

𝜕𝑥′
)
2

+
𝑘

𝑇∞
(1 +

16𝜎𝑠𝑇∞
′3

3𝑘𝑘𝑓
) (

𝜕𝑇′

𝜕𝑥′
)
2

+
𝜇

𝑇∞
(
𝜕𝑣′

𝜕𝑥′
)
2

+

𝑅𝐷𝑚

𝑇∞

𝜕𝑇′

𝜕𝑥′
+ 𝐻𝑇 +

𝑅𝐷𝑚

𝐶∞
(
𝜕𝐶′

𝜕𝑥′
)

 (22) 

 

 

But SG can be defined as 𝑆𝐺 =
𝐸𝐺′𝑇∞

𝑘(𝑇𝑤−𝑇∞)
  (23) 

 Finally becomes  

𝑆𝐺 = 𝐵𝑟𝑃𝑟𝑚(
𝜕𝐵∗

𝜕𝜂′
)
2

+ 𝛼(1 + 𝑅𝑑) (
𝜕𝜃

𝜕𝜂′
)
2

+ 𝑄𝜃 + 𝑆𝑟 (
𝜕𝜙

𝜕𝜂′
) +𝐵𝑟 (

𝜕𝑉

𝜕𝜂′
)
2

+ 𝐷𝑢
𝜕𝜃

𝜕𝜂′
                        (24) 

 

The Bejan number (𝐵𝑒) is defined as entropy generation due to the heat transfer over total entropy generation. 

we have  

 𝐵𝑒 =
𝛼(1+𝑅𝑑)(

𝜕𝜃

𝜕𝜂′
)
2

𝐵𝑟𝑃𝑟𝑚(
𝜕𝐵∗

𝜕𝜂′
)
2
+𝛼(1+𝑅𝑑)(

𝜕𝜃

𝜕𝜂′
)
2
+𝐵𝑟(

𝜕𝑉

𝜕𝜂′
)
2
+𝐷𝑢

𝜕𝜃

𝜕𝜂′
+𝑄𝜃+𝑆𝑟(

𝜕𝜙

𝜕𝜂′
)

  

  (25)  
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NUMERICAL SOLUTION  

 

The governing equations(17), (18), (19) and (20) are highly nonlinear coupled PDEs and the numerical solution doesn’t found in 

the close forms, and thus are solved numerically by using finite difference method with an appropriate boundary conditions (14). 

The mesh size is fixed at Δ𝜂 = 0.025 in 𝑥 −direction and Δ𝜏 = 0.00112 at time level has been used to all numerical simulation to 

ensure that there is stability and convergence. The absolute error for all grid nodes, that is the expression |𝜑𝑟𝑛+1 − 𝜑𝑟𝑛| ⩽ 10−7 is 

considered as convergence criterion, where 𝑟𝑛 represent repetition number and 𝜑 represents [𝑉, 𝜃, 𝜙, 𝐵∗]𝑇. 

A discrete approximation to the Caputo-Fabrizio Fractal-Fractional derivatives operator can be obtained by using 

quadrature formula as follows[47]:-  

  𝐹𝐹𝐷𝜏′
𝛼,𝛽
 Θ(𝜏′) = (

𝑁(𝛼)

1−𝛼
)

𝑑

𝑑𝜏𝛽
∫
𝜏

0
Θ(𝜉)𝑒𝑥𝑝 (−

𝛼(𝜏′−𝜉)

1−𝛼
)𝑑𝜉, 0 < 𝛼, 𝛽 ⩽ 1  (26) 

 discretizing the above equation ,we have:-  

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
 Θ(𝜏𝑘) = (

𝑁(𝛼)

1 − 𝛼
)𝛽𝜏𝑘

𝛽−1∑∫
𝑘𝑗

(k−1)j

𝑛

𝑗=1

(
Θ𝑖
𝑗+1

− Θ𝑖
𝑗

𝛾
) × 𝑒𝑥𝑝 (−

𝛼(𝜏′ − 𝜉)

1 − 𝛼
)𝑑𝜉 

   (27) 

 𝐹𝐹𝐷𝜏′
𝛼,𝛽
 Θ(𝜏𝑘) = (

𝑁(𝛼)

1 − 𝛼
)𝛽𝜏𝑘

𝛽−1∑(
Θ𝑖
𝑗+1

− Θ𝑖
𝑗

𝛾
)

𝑛

𝑗=1

×∫
𝑘𝑗

(k−1)j

𝑒𝑥𝑝 (−
𝛼(𝜏′ − 𝜉)

1 − 𝛼
)𝑑𝜉 

 

   (28) 

which is equivalent to 

 

  𝐹𝐹𝐷𝜏𝑘
𝛼,𝛽
 Θ(𝜏, 𝜂′) =

𝑁(𝛼)

𝛼
𝛽𝜏𝑘

𝛽−1
{(

Θ𝑖
𝑗+1

−Θ𝑖
𝑗

𝜏
) + ∑𝑛𝑗=1 (

Θ𝑖
𝑗+1−𝑛

−Θ𝑖
𝑗−𝑛

𝜏
)} Δ𝑗,𝑛  (29) 

 

but Δ𝑗,𝑛 = 𝑒𝑟𝑓 {
𝛼𝑗

1−𝛼
(𝑛 − 𝑗)} − 𝑒𝑟𝑓 {

𝛼𝑗

1−𝛼
(𝑛 − 𝑗 + 1)} 

Similarly, other classical derivatives can be approximated as follows:-  

 

𝜕𝜃

𝜕𝜂′
=
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
,
𝜕𝜙

𝜕𝜂′
=
𝜙𝑗
𝑛−𝜙𝑗−1

𝑛

Δ𝜂′
, 𝜃 = 𝜃𝑗

𝑛, 𝑉 = 𝑉𝑗
𝑛,
𝜕𝑉

𝜕𝜂′
=
𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

Δ𝜂′
,

,
𝜕2𝜃

𝜕𝜂′2
=
𝜃𝑗−1
𝑛 −2𝜃𝑗

𝑛+𝜃𝑗+1
𝑛

(Δ𝜂′)2
, 𝜙 = 𝜙𝑗

𝑛,
𝜕2𝜙

𝜕𝜂′2
=
𝜙𝑗−1
𝑛 −2𝜙𝑗

𝑛+𝜙𝑗+1
𝑛

(Δ𝜂′)2
,

𝜕2𝑉

𝜕𝜂′2
=
𝑉𝑗−1
𝑛 −2𝑉𝑗

𝑛+𝑉𝑗+1
𝑛

(Δ𝜂′)2
,
𝜕2𝐵

𝜕𝜂′2
=
𝐵𝑗−1
𝑛 −2𝑗

𝑛+1+𝐵𝑗+1
𝑛

(Δ𝜂′)2
.

 
𝜕𝐵

𝜕𝜂
=
𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

2Δ𝜂′
, 𝐵 = 𝐵𝑗

𝑛    (30) 

 

Using equations (29) and (30) into equations (17), (18), (19) and (20), the finite difference corresponding to the fractal fractional 

governing equations are as follows:-  

 
𝑉𝑗
𝑛+1−𝑉𝑗

𝑛

Δ𝜏′
=

(

 
 
 
 
 

𝑆 (
𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

Δ𝜂′
) + 𝑀 (

𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

Δ𝜂′
) + 𝑒𝜀𝜃𝑗

𝑛

(
𝑉𝑗−1
𝑛 −2𝑉𝑗

𝑛+𝑉𝑗+1
𝑛

(Δ𝜂′)2
) +

𝜀 (
𝑣𝑗
𝑛−𝑣𝑗−1

𝑛

Δ𝜂′
) (

𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
) − (

𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1) ×

∑𝑚𝑛=1 [(
𝑉𝑗
𝑛+1−𝑚−𝑉𝑗

𝑛−𝑚

Δ𝜏′
)] ×

∑𝑚𝑛=1 [(𝑒𝑟𝑓 {
𝛼𝑛

1−𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛 + 1)})])

 
 
 
 
 

×

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1 (𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛 + 1)}))

−1
 

 

   (31) 

 

 
𝜃𝑗
𝑛+1−𝜃𝑗

𝑛

Δ𝜏′
=

(

 
 
 
 
 

𝑆 (
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
) +

1

𝑃𝑟
(
4

3
+ 𝑅𝑑) (

𝜃𝑗−1
𝑛 −2𝜃𝑗

𝑛+𝜃𝑗+1
𝑛

(Δ𝜂′)2
) +

𝑒𝜀𝜃𝑗
𝑛

𝐸𝑐 (
𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

Δ𝜂′
)
2

+ 𝐷𝑢 (
𝜙𝑗−1
𝑛 −2𝜙𝑗

𝑛+𝜙𝑗+1
𝑛

(Δ𝜂′)2
) + 𝑄𝜃𝑗

𝑛 +

𝐽 (
𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

Δ𝜂′
)
2

− (
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1) × ∑𝑚𝑛=1 [(

𝜃𝑗
𝑛+1−𝑚−𝜃𝑗

𝑛−𝑚

Δ𝜏′
)] ×

∑𝑚𝑛=1 [𝑒𝑟𝑓 {
𝛼𝑛

1−𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛 + 1)}] )

 
 
 
 
 

×  (32) 

 

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1 (𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛 + 1)}))

−1
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𝜙𝑗
𝑛+1−𝜙𝑗

𝑛

Δ𝜏′
=

(

  
 

𝑆 (
𝜙𝑗
𝑛−𝜙𝑗−1

𝑛

Δ𝜂′
) +

1

𝑆𝑐
(
𝜙𝑗−1
𝑛 −2𝜙𝑗

𝑛+𝜙𝑗+1
𝑛

(Δ𝜂′)2
) + 𝑆𝑟 (

𝜃𝑗−1
𝑛 −2𝜃𝑗

𝑛+𝜃𝑗+1
𝑛

(Δ𝜂′)2
) −

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1) × ∑𝑚𝑛=1 [(

𝜙𝑗
𝑛+1−𝑚−𝜙𝑗

𝑛−𝑚

Δ𝜏′
)] ×

∑𝑚𝑛=1 [𝑒𝑟𝑓 {
𝛼𝑛

1−𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛 + 1)}] )

  
 
×  (33) 

 

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1 (𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛 + 1)}))

−1

 

 

 
𝐵𝑗
𝑛+1−𝐵𝑗

𝑛

Δ𝜏′
=

(

 
 
 

𝑆 (
𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

2Δ𝜂′
) − (

𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

2Δ𝜂′
) +

1

𝑒
𝜀𝜃𝑗
𝑛
𝑃𝑟𝑚

(
𝐵𝑗−1
𝑛 −2𝑗

𝑛+𝐵𝑗+1
𝑛

(Δ𝜂′)2
) −

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1) × ∑𝑚𝑛=1 [(

𝐵𝑗
𝑛+1−𝑚−𝐵𝑗

𝑛−𝑚

Δ𝜏′
)] ×

∑𝑚𝑛=1 [𝑒𝑟𝑓 {
𝛼𝑛

1−𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1−𝛼
(𝑚 − 𝑛 + 1)}])

 
 
 
×  (34) 

 

(
𝑁(𝛼)

𝛼
𝛽Δ𝜏′𝛽−1 (𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛)} − 𝑒𝑟𝑓 {

𝛼𝑛

1 − 𝛼
(𝑚 − 𝑛 + 1)}))

−1

 

The entropy rate in finite difference form become:-  

 
𝑆𝐺 = 𝐵𝑟𝑃𝑟𝑚(

𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

Δ𝜂′
)
2

+ 𝛼(1 + 𝑅𝑑) (
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
)
2

+ 𝐵𝑟 (
𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

Δ𝜂′
)
2

+

𝐷𝑢 (
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
) + 𝑄𝜃 + 𝑆𝑟 (

𝜙𝑗
𝑛−𝜙𝑗−1

𝑛

Δ𝜂′
)

  (35) 

 

Bejan number in finite difference form becomes:- 

 

 𝐵𝑒 =
𝛼(1+𝑅𝑑)(

𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
)

2

𝐵𝑟𝑃𝑟𝑚(
𝐵𝑗
𝑛−𝐵𝑗−1

𝑛

Δ𝜂′
)

2

+𝛼(1+𝑅𝑑)(
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
)

2

+𝐵𝑟(
𝑉𝑗
𝑛−𝑉𝑗−1

𝑛

Δ𝜂′
)

2

+𝐷𝑢(
𝜃𝑗
𝑛−𝜃𝑗−1

𝑛

Δ𝜂′
)+𝑄𝜃+𝑆𝑟(

𝜙𝑗
𝑛−𝜙𝑗−1

𝑛

Δ𝜂′
)

  (36) 

 

with initial and boundary conditions as follows:-  

 {

𝑉(0, 𝑛) = 0, 𝜙(0, 𝑛) = 0, 𝐵(0, 𝑛) = 0, 𝜃(0, 𝑛) = 0,     at     𝑗 = 0
𝑉(𝑗, 0) = 1, 𝜙(𝑗, 0) = 1, 𝐵(𝑗, 0) = 1, 𝜃(𝑗, 0) = 1,     at     𝑛 = 0
𝑉(𝑗, 𝑛) = 0, 𝜙(𝑗, 𝑛) = 0, 𝐵(𝑗, 𝑛) = 0, 𝜃(𝑗, 𝑛) = 0,     as     ∀𝑗, 𝑛

  (37) 

 

RESULTS AND DISCUSSION 

 

In this study, the fractal fractional order derivatives 

operator is utilized on the MHD fluid flow analysis of mass 

and heat transfer characteristic in radiative time dependent 

with variable viscosity, induced magnetic field, chemical 

reaction, thermo-diffusion and diffusion-thermo effects with 

an entropy generation have been investigated by 

incorporating the impact of thermal radiation, viscous 

dissipation and heat source. In order to get the physical 

insight, the effects of various key embedded parameters on 

the flow field profiles are scrutinized using graphical 

representation and the comparison of Velocity field profiles 

of fractal-fractional, fractional, fractal, and classical order 

models is presented through graph. 

Figure 2 shows the Comparison of the Velocity field 

profiles of fractal-fractional, fractional, fractal, and classical 

order models against 𝜂  for different values of fractal-

fractional parameters 𝛼 and 𝛽. From the graph, it can be seen 

that the velocity field profiles significantly grows. Physically, 

for higher values of fractal fractional parameter results to an 

increase of velocity field due to the fact that fractal fractional 

parameter has larger memory effects which cause the lower 

momentum boundary layer. From the graphs the fractal 

parameter 𝛽 has great momentum boundary layer compered 

to fractional order operator 𝛼. 

In comparison to fractional order and classical 

model, fractal-fractional has a strong memory effect. The 

fractal-fractional model has these characteristics because of 

the fractal parameter, which is absent fractional and classical 

models.The fractal-fractional model is handier and more 

realist to the real world phenomena due to the higher memory 

effect. 

 

   
 Fig  2: Comparison of the Velocity field (𝑉(𝜂, 𝜏)) of fractal-

fractional, fractional, fractal,classical order models 

   

Figure 3 presents the influence magnetic parameter 

(𝑀) of the velocity profiles. Graphically, it’s noted that the 

velocity profiles drops as the values of the magnetic 
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parameter rises. As expected, physically increasing the values 

of magnetic parameters causes slowly or resist the motion of 

the fluid. Since the magnetic field is perpendicular applied in 

the direction of the flow and thus reduce the velocity 

boundary layer thickness which cause the velocity profiles to 

decrease.  

   
 Fig  3: Impacts of 𝑀 on 𝑉(𝜂, 𝜏) 

   

Figure 4 elucidates the influence of suction (𝑆 > 0) 
on the velocity fields. Graphically, it’s observed that the 

velocity field drops as the values of the suction parameter 

rises. Physically, rising suction implies that removal of the 

fluid from the flow system or the fluid flow system gets 

altered to slow down which can be evident through graph that 

decrease the velocity boundary layer thickness and thus 

velocity profiles drop.  

   
 Fig  4: Impacts of 𝑆 on 𝑉(𝜂, 𝜏) 

   

Figure 5 displays the velocity field profiles versus 𝜂 

for various values of viscosity fluid parameter. Graphically, 

it is interesting to seen that the velocity fields recedes with 

larger values of viscosity parameter. Physically, for higher 

values of fluid viscosity parameter decline the momentum 

boundary layer thickness due to the larger temperature 

difference between the surface of the flat plate and an ambient 

fluid.  

   
 Fig  5:  Impacts of 𝜀 on 𝑉(𝜂, 𝜏)  

   

Figure 6  depicts the impacts of Soret number (𝑆𝑟) 
on the concentration of the fluid. Graphically, it’s observed 

that a rise in the Soret number results to an increase of the 

field concentration.As expected, physically, rising the values 

of Soret number leads to a rise in the solutal boundary layer 

due to an increase in the field concentration in the fluid flow 

and thus increase the concentration boundary layer thickness 

which can be evident from through graph that the 

concentration profiles rises.  

   
 Fig  6: Impacts of 𝑆𝑟 on 𝜙(𝜂, 𝜏) 

The influence of Schmidt number on the fluid 

concentration is display in Figure 7. It’s noted that the fluid 

concentration drops as the results of an increment of Schmidt 

number. As expected, physically, rising the Schmidt number 

cause a decrease of molecular or diffusion on the flow and 

results to decrease in the solutal boundary layer thickness and 

thus decline in the field concentration profiles.  

   
 Fig  7: Impacts of 𝑆𝑐 on 𝜙(𝜂, 𝜏) 

 Figure 8 displays the impacts of suction parameter 

(𝑆 > 0) on the fluid concentration. Graphically, it’s observed 

that a rise suction parameter leads to declined in species 

concentration profiles. Physically, rising the suction results to 

the flow gets altered to slow down which decline the species 

boundary layer thickness and thus concentration profiles 

drops.  

   
 Fig  8: Impacts of 𝑆 on 𝜙(𝜂, 𝜏) 

   

Figure 9 depicts the effects of suction parameter 

(𝑆 > 0) on the induced magnetic field. It’s observed from the 

graph that a rise in suction parameter causes a decline in the 

induced magnetic field profiles. As expected. physically, 

increasing suction in the flow cause the the flow gets altered 

to slow down which results to recedes in the interaction of the 

fluid and magnetic field in the flow and thus recedes induced 

magnetic field profiles.  
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 Fig  9: Impacts of 𝑆 on 𝐵(𝜂, 𝜏) 

   

Figure 10 depicts the induced magnetic field profiles 

against 𝜂  for different values of magnetic Prandtl number 

(𝑃𝑟𝑚) . It’s noted form the graph that induced magnetic 

profiles rises with higher values of (𝑃𝑟𝑚). Physically, rising 

the values of (𝑃𝑟𝑚) results to a decline magnetic diffusivity 

and causes interaction between the fluid and magnetic field 

to increase and thus induced magnetic field profiles rises.  

   
 Fig  10: Impacts of 𝑃𝑟𝑚 on 𝐵(𝜂, 𝜏) 

   

Figure 11 shows the influence of heat source 

parameter (𝑄)  on the fluid temperature. Graphically, it’s 

noted that larger values of (𝑄) causes a rises in the fluid’s 

temperature. Physically, rising heat source causes the fluid to 

generate no heat in the fluid which results to grows in the 

thermal boundary layer thickness and thus thermal field 

profiles rises  

   
 Fig  11: Impacts of 𝑄 on 𝜃(𝜂, 𝜏) 

   

Figure 12 presents the impacts of Dufour number 

(𝐷𝑢)  on on the fluid’s temperature. Graphically, it’s 

observed that the fluid temperature profiles rises rapidly as 

the Dufour number rises.  

   
 Fig  12: Impacts of 𝐷𝑢 on 𝜃(𝜂, 𝜏) 

   

Figure 13 demonstrates the influence of Eckert 

number (𝐸𝑟) on the fluid temperature profiles. Graphically, 

it’s noted that a rise in the Eckert number (𝐸𝑐) causes a rises 

in the fluid’s temperature. Physically, as Eckert number rises 

causes a reduction of fluid’s enthalpy in the flow system and 

thus thermal energy in the flow is converted into kinetic 

energy which rises of the thermal boundary layer thickness.  

   
 Fig  13: Impacts of 𝐸𝑐 on 𝜃(𝜂, 𝜏) 

   

Figure 14 depicts the impacts of thermal radiation 

parameter (𝑅𝑑) on the thermal field profiles. Graphically, it’ 

noted that a rise in the thermal radiation parameter causes a 

growth in the fluid’s temperature. As expected, rising of 

thermal radiation results to the combined impacts of heat to 

thermal emission transportation rates. Therefore increment of 

thermal radiation enhances the thermal boundary layer 

thickness and thus grows the fluid temperature profiles.  

   
 Fig  14: Impacts of 𝑅𝑑 on 𝜃(𝜂, 𝜏) 

   

Figure 15 displays the impacts of suction variable 

(𝑆 > 0)  on the temperature profiles. From the graph, it’s 

observed that enhancement of suction variable results to a 

decline in the thermal field.  

   
 Fig  15: Impacts of 𝑆 on 𝜃(𝜂, 𝜏) 

   

Figure 16 presents the impacts of Prandtl number 

(𝑃𝑟) on the thermal field. Graphically, it’s that enhancement 

of Prandtl number causes recedes in the thermal field. As 

expected, rising the Prandtl number leads to reduction of 

fluid’s thermal diffusivity and increases viscous drag in the 

fluid which results to recedes in the thermal field.  
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 Fig  16: Impacts of 𝑃𝑟 on 𝜃(𝜂, 𝜏) 

   

The thermal field profiles against 𝜂  is shown in 

Figure 17. it’s revealed that the thermal fields grows with 

large values of fluid viscosity parameter. Physically, rising 

the values of fluid viscosity parameter grows significantly the 

thermal boundary layer and thus thermal field profiles rises.  

   
 Fig  17: Impacts of 𝜀 on 𝜃(𝜂, 𝜏) 

   

Figure 20 depicts the impacts of Brinkman number 

(𝐵𝑟) on on the entropy profiles. Graphically, it’s noted that 

an enhance of Brinkman number causes a viscosity in the 

fluid and thus results to an increase in the entropy profiles.  

   
 Fig  18: Impacts of 𝐵𝑟 on 𝑆𝐺(𝜂, 𝜏) 

   

Figure 19 demonstrates the influence of magnetic 

Prandtl number (𝑃𝑟𝑚) on the entropy profiles. Graphically, 

it’s observed that a rise in the magnetic Prandtl number causes 

an increase in the entropy profiles. Physically, Increasing 

magnetic Prandtl number causes an increase of Lorentz force 

which leads to an improvement of entropy generation.  

   
 Fig  19: Impacts of 𝑃𝑟𝑚 on 𝑆𝐺(𝜂, 𝜏) 

   

Figure 20 presents the impacts of thermal radiation 

paramater on the entropy profiles. Graphically, it has been 

noted that enhance of thermal radiation causes an 

improvement of entropy profiles.  

   
 Fig  20: Impacts of 𝑅𝑑 on 𝑆𝐺(𝜂, 𝜏) 

   

Figure 21 elucidates the impacts of Brinkman 

number on the Bejan number. Graphically, it’s observed that 

higher values of Brinkman number recede the Bejan number.  

   
 Fig  21: Impacts of 𝐵𝑟 on 𝐵𝑒 

   

Figure 22 demonstrates the impacts of thermal 

radiation parameter on the Bejan number. Graphically, it’s 

observed the decline of Bejan number with lager values of 

magnetic Prandtl number.  

   
 Fig  22: Impacts of 𝑃𝑟𝑚 on 𝐵𝑒 

   

Figure 23 shows the impacts of source parameter on 

the Bejan number. Graphically, it’s observed that lager values 

of source parameter signifies the Bejan number.  

   
 Fig  23: Impacts of 𝑄 on 𝐵𝑒 

   

Figure 24 depicts the impacts of thermal radiation 

parameter on the Bejan number. Graphically, it’s observed 
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that lager values of thermal radiation parameter amplifies the 

Bejan number.  

   
 Fig  24: Impacts of 𝑅𝑑 on 𝐵𝑒 

   

Figure 25 elucidates the impacts of thermal radiation 

parameter on the Bejan number. Graphically, it’s observed 

the decline of Bejan number with rising the values of Soret 

number.  

   
 Fig  25: Impacts of 𝑆𝑟 on 𝐵𝑒 

   

Figure 26 demonstrates the impacts of Dufour 

number on the Bejan number. Graphically, it’s observed that 

rising the values of Dufour number recede the Bejan number.  

   
 Fig  26:  Impacts of 𝐷𝑢 on 𝐵𝑒 

   

Figure 27, shows the numerical validation of the 

present results with the previous results from the literature. 

The results of the present study agree with the results of [?], 

which show good agreement and the numerical code is 

excellent under limited case when 𝜀 = 0, 𝛽 = 𝛼 = 0  and 

absence of induced magnetic field.  

   
 Fig  27: Validation of numerical results of the present study 

and the results obtained by [?] 

   

CONCLUDING REMARKS 

This paper scrutinizes the entropy generation of the radiative 

heat and mass transfer characteristics of time dependent flow 

with variable fluid viscosity, induced magnetic field, Dufour 

and Soret impacts using Caputo Fabrizio fractal fractional 

order derivative operators. An approximate solution for the 

system of non-linear PDEs are solved numerically using 

finite difference method and the computational outcomes of 

the flow fields against the embedded parameters are 

investigated and represented graphically. The major 

outcomes of the current analysis are summarized as follows:-  

 

(i) The fractal fractional parameters enhance the velocity 

field profiles. Also, it’s seen that fractal fractional 

parameter 𝛽  has larger memory effect compared to 

fractional order parameter 𝛼 .  

(ii) The rising the values of fluid variable viscosity 

parameter 𝜀 , magnetic parameter 𝑀  and suction 

parameter 𝑆  results to recedes of the velocity field 

profiles. 

(iii) The progressively increment of Soret number 𝑆𝑟 rises 

the concentration field whereas decline in the 

concentration field profiles is noted when suction 

parameter 𝑠  and Schmidt number progressively 

incremented. 

(iv) Higher values of magnetic Prandtl number 𝑃𝑟𝑚 rises 

the induced magnetic field profiles whereas decreases 

as the suction parameter 𝑆 rises. 

(v) Thermal field is incremented with rising the values of 

fluid variable viscosity parameter 𝜀 , heat source 

parameter 𝑄, Dufour number 𝐷𝑢, Eckert number 𝐸𝑐 
and thermal radiation parameter 𝑅𝑑, but it’s decrease 

against the values of suction parameter 𝑆 and Prandtl 

number 𝑃𝑟 
(vi) Entropy generation rate is incremented with rising the 

values of Brinkman number 𝐵𝑟 , magnetic Prandtl 

number 𝑃𝑟𝑚 and approximation of thermal radiation 

𝑅𝑑 

(vii) Bejan number recedes with rising the values of 

Brinkman number 𝐵𝑟  and magnetic Prandtl number 

𝑃𝑟𝑚 , but it’s increases against the values of heat 

source parameter 𝑆  and thermal radiation parameter 

𝑅𝑑 

 

The findings are useful for researching on how to restrict 

energy losses during energy production in the form of heat 

dissipation, especially when dealing with heat transfer issues. 
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