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Abstract: Graph theory is an interesting subject in mathematics. Applications in many fields like Linguistics, Engineering communications,
Physical Sciences, Coding theory, Computer networking and Logical Algebra. The theory of domination in graphs has a wide range of
applications. Among these applications, the most often discussed is a coding theory and communication networks. Inverse domination theory of
graphs which are the important branches of graph theory. In this paper, we study the maximal inverse signed dominating functions of corona
product graph of a path with a complete graph and rooted product graph of a path with a cycle.
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1. INTRODUCTION

Mostly Product of graphs occurs in discrete mathematics. In
1970, Frucht & Harary [6] introduced a new product on two
graphs G; and G, called corona product denoted by G [ G, .
The corona product of a path P, with a complete
graph K ., is a graph obtained by taking one copy of n-
vertex path P, and n copies of K, and then joining
the i vertex of P, to every vertex of ith copy of K, and

it is denoted by P, 0 K, where N>0 and m>0 . In 1978,

Godsil and McKay [1] introduced a new product on two
graphs G, and G, , called rooted product denoted by G, -G, .

In this paper we consider the rooted product graph like, here
P, be a Path graph with n vertices and C,(m=>23) be a cycle
with a sequence of n rooted graphs C.;,Cn2,Cinzi———Cin -
Then by p (C, )we denote the graph obtained by identifying

the root of Cp,; with the i" vertex of P,. We call R(G,) the
rooted product of B, by C,,and it is denoted by B, °G,,. Every
i" vertex of P, is merging with any one vertex in every i"

copy ofC,. So inG=R,C,, B, contains n vertices andC,,
contains (m-1) vertices in each copy of C, .

In 1995, Dunbar, Hedetniemi, Henning and Slater
[4] have studied about “Signed Domination in Graphs”.
Further we studied about signed domination in [2, 7]. In
1996, Favaron [5] have studied about “Signed domination in
regular graphs”. In 2010, Zhong-sheng [3] have studied
about “On Inverse Signed Total Domination in Graphs”. By
using signed domination related parameters we can find out
inverse signed domination parameters on product graphs.
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2.RESULTS ON ROOTED PRODUCT GRAPH

Theorem 2.1: If m is divisible by 3 then the function
f:V - {-1,+1}is defined by

F(v) = +1, if m=1(mod3) vertices in each copyof C,, inG,
~|-1, otherwise.

is a maximal inverse signed dominating function of a
graph G=R, -C,, and inverse signed domination number of

Gis 7S(G) :(—_r;n)

Proof: Consider the graph G =P, oC,, with |V | number of

vertices and | E | number of edges.
Let f be afunction defined in the hypothesis. Suppose m is
divisible by 3.

m
Here +1 is assigned to (?j vertices in each copy of C,, in
G, -1 is assigned to all other vertices in G.
Case 1: Suppose Ve P, be such that
(i) As d(v) =4inG then
D) =[()+ (D] +[)+ (D +(-D] =-3.

ueN[v]

(i) As d(v) =3inG then
> ) =[)+ D] +[)+ (] =-2.

ueN[v]

Case 2: Suppose V €Cp be such that d(V)=2inG then
f(v)=-1, f(v)=+1.
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(i) Then N[v] contains 2 vertices of C,, and one vertex of
P, inG.
If f(v)=-1then >  f(u)=(-D+[(-D)+ED]=-1.

ueN[v]

If f(v)=+Lthen > f(U)=(D+[(-1)+(-D]=-1.

ueN[v]
(i) Then N[v] contains 3 vertices of C,, and zero vertex of
P, inG.
If f(v)=-1then >  f(u)=(-D+[(-D+ED]=-1.

ueN[v]

If f(v)=-+1then Z f(U) =) +[(-D) +(-D]=-1.
ueN[v]
From the above cases the function f is an inverse signed

dominating function, because Z f(u)<0,vveV.
ueN[v]
Now the maximality check for f , define g: Vv — {-1,+1} by

+1, if any one vertex v=u; € B, inG,
g(v) =4 +1,if (%) vertices in each copyof C,, inG,

-1, otherwise.

Here two cases are followed.
Case 3: Suppose V<P, be such that

(i)As d(v)=4inG, then N[v] contains 2 vertices of C,,
and three vertices of P, inG.

Sub case 1: LetU; € Byin i™ copyof G then
D 9 =[(HD) +(D]+[ () + D+ (D] =-L.

ueN[v]
Sub case 2: Letu; ¢ P, ini™ copyof G then
Y. 9 =[¢D+ (DD +(D+(-D]=-3.
ueN[v]
(ii)As d(v)=3inG, then N[v] contains 2 vertices of C,,
and two vertices of P, inG.

Sub case 1: Letu; e P, ini™ copyof G then
D g =[(+)+ (D] +[(-D)+ (D] =0.

ueN[v]
Sub case 2: Letu; & P, ini™ copyof G then
> g =[()+ (D] +[(-D +(-D] =-2.

UeN[v]
Case 4: Suppose V € Cy, be such that d(v)=2inG,

(i)Here N[v] contains 2 vertices of C,, and one vertex of
P, inGthen g(v)=-1org(v) =+1.

Sub case 1: LetU; € P, ini" copyof G .

If

g(v)=-1then > g(u) = (-1 +[(+D)+(+D]=+1(>0).

ueN[v]
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If
g(v)=+1then D" g(u) = (+D)+[(-1)+ (+1)] = +1(>0).

ueN[v]
Sub case 2; LetU; ¢ P, ini"™ copyof G .
If g(v)=-Lthen > g(u)=(-D)+[(+D+(-D)]=-1.

ueN|[v]
If g(v) = +1then > g(u)=(+D)+[(-D+(-D]=-1.
ueN|[v]
(ii)Here N[v] contains 3 vertices of C,, and zero vertex of
P, inG.

If g(v) = -Lthen > g(u)=(-D)+[(+D+(-D]=-1.

ueN|[v]
If g(v) = +1then Z g(u) = (+D) +[(-D +(-1)] = -1.
ueN|[v]
From the above cases, we get Z g(u) >0,forsome veV.
ueN[v]
This implies that the function g is not an inverse signed

dominating function. Hence f is a maximal inverse signed
dominating function on G. Now inverse signed total
domination number is the sum of the function value of all
vertices in G, that is

> = %(ﬂ) +((m)—%}(—l):—mn+7:_—..

ueV (G
© n-times n—times

—mn
Therefore 7/? G)= (Tj .

Theorem 2.2: If m=3k+1 or 3k+2 is not divisible by 3 then
inverse signed domination number of G

o] snon
CER

Proof: Consider the graph G=PR, oC,, with |V | number of

is 72 (G) =

vertices and | E | number of edges.

Case I: Suppose m=3k+1
Let f:V —{-1,+1}be a function defined by

F(v) = +1, if m=1(mod3) vertices in each copyof C,, inG,
-1, otherwise.

m
Here +1 is assigned to LEJ vertices in each copy of C, in
G, -1 is assigned to all other vertices in G.
Case 1: Suppose VeP, be such that
(i) As d(V)=4inG then
Z f(u)= [(+1) +(—1)] +[(—1) +(-1) +(—1)] =-3.

ueN[v]
(ii) As d(v) =3inG then
) =[(H) + (D] +[(-D) + (-] =-2.

ueN[v]
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Case 2: Suppose V € Cy, be such that d(v)=2inG then

f(v)=—1, f(v)=+1.

(i) Here N[v] contains 2 vertices of C,, and one vertex of

P, InG.

If f(v)=-1then D>  f(u)=(-D+[(-D+(D]=-3.
ueN[v]

If f(v)=+1then Y f(u)=(+1)+[(-D)+(-D]=-1.

ueN[v]
(i) Here N[v] contains 3 vertices of C,, and zero vertex of
P, inG.
If f(v)=xithen >  f(u)=(-D+[(-D)+ED]=-1.

ueN[v]
From the above cases the function f is an inverse signed

dominating function, because Z f(u)<0,vveV.
ueN[v]
Now the maximality check for f , define g: Vv — {-1,+1} by

+1, if any one vertex v=u; € B, inG,
g(v) =4+1, if {%J vertices in each copyof C, inG,

-1, otherwise.

Here two cases are followed.
Case 3: Suppose V<P, be such that

(i)As d(v)=4inG, then N[v] contains 2 vertices of C,,
and three vertices of P, inG.
Sub case 1: Letu; P, ini" copyof G then

> gu)=[(+D)+ (D] +[(+) + () +(-D] = 1.

ueN[v]

Sub case 2: Letu, ¢ P, ini™ copyof G then
Y 9@ =[( D+ D]+ [(D+(D+(-D]=-3.

ueN[v]

(ii)As d(v)=3inG, then N[v] contains 2 vertices of C,,
and two vertices of P, inG.

Sub case 1: Letu; € P, ini"™ copyof G then

D o) =[(+)+ (D] +[(-D)+ (+D] =0.

ueN[v]
Sub case 2: Letu; & P, ini™ copy of G then
D 9U) =[(D+(D]+[(-) + (D] =-2.

ueN[v]
Case 4: Suppose V € C,, be such that d(V) =2inG,

(i)Here N [v] contains 2 vertices of C,, and one vertex of
P, inG then g(V) = —lor+1.

Sub case 1: Letu; € P, ini"™ copyof G .

Ifg()=-1= Y g(u)=(-D+[(-)+(ED]=-1.

ueN[v]

IFgW) =+1= D g(u)= (D) +[(+1) +(-1)] = +1(>0).

ueN[v]
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Sub case 2: LetU; & P, ini™ copyof G .
Ifg()=-1= > g(u)=(D+[-D+(-D]=-3.

ueN[v]
Ifgv)=+1= Z g(u) = (+1) + [(_1) + (_1)] -1

ueN[v]
(ii)Here N[v] contains 3 vertices of C,, and zero vertex of
P, inG.

IfgW)=-1= > g(u)=(D+[(-D+(D]=-1.

ueN|[v]
IFg(v) =+1= > g(u) =D +[(-D)+(-D]=-1.

ueN|[v]
From the above cases, we get z g(u) >0,forsome veV.

ueN[v]

This implies that the function J is not an inverse signed
dominating function. Hence f is a maximal inverse signed
dominating function on G. Now inverse signed total

domination number is the sum of the function value of all
vertices in G, that is

Z f(u)= {%J(ﬂ) +[(m)— %D(—l):—mn+2nL%J.

uev (G) [
n—times n—times

- _
Therefore 72 G)= n[ZLEJ -mj.

Case I1: Suppose m=3k+2
Let f:V —{-1 +1}be a function defined by

f(v) = {+1, if m=1(mod3) vertices in each copyof C, inG,

-1, otherwise.

m
Here +1 is assigned to {E—‘vertices in each copy of C,, in G,

-1 is assigned to all other vertices in G.
Case 1: Suppose VeP, be such that

(i) As d(V)=4inG then
Z f(u) =[(+D)+ D] +[ (D) + (D) + (D] =-1.
ueN[v]
(ii) As d(Vv)=3inG then
D W=D+ )] +[D+ (D] =0.
ueN[v]
Case 2: Suppose V € C,, be such that d(V) =2inG.
(i) HereN [v] contains 2 vertices of C,, and one vertex of
P, inG then f(v)=+1.
IFf)=+1= D () =D +[(-)+(-D]=-1.

ueN[v]
(i) Here N[v] contains 3 vertices of C, and zero vertex
of P, inGthen f(v) =-land f(v) = +1.

FfW)=-1= > fu)=(D+[(-D+@D]=-1.

ueN[v]
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Ff)=+1= D f(u)=()+[(D+(D]=-1.
ueN[v]
From the above cases the function f is an inverse signed

dominating function, because Z f(u)<0,vveV.
ueN[v]
Now maximality check for f , define g : V — {-1,+1} by

+1, if any one vertex v=u; € P, inG,
g(v) =4 +1,if {%W vertices in each copyof C, inG,

-1, otherwise.
Here two cases are followed.
Case 3: Suppose V<P, be such that
(i)As d(v)=4inG, then N[v] contains 2 vertices of C,,
and three vertices of P, inG.

Sub case 1: Letu, P, ini"™ copyof Gthen
Z g() =[(+D)+ (D) ]+[ (D + (D + (+D)] =+1(> 0).
ueN[v]
Sub case 2: Letu, & P, ini™ copy of G then
D 0 =[ED+ED]HED+ )+ (D) =-1.
ueN[v]
(ii)As d(v)=3inG, then N[v] contains 2 vertices of C,,
and two vertices of P, inG.
Sub case 1: Letu, € P, ini™ copy of G then
D g =[D+ED]+H[D+ (D] =+2(>0) .
ueN[v]
Sub case 2: Letu, & P, ini™ copy of G then
D" o) =[(+)+ (D] +[(-D)+ (D] =0.
ueN[v]
Case 4: Suppose V € C,, be such that d(V) =2inG,
(i)Here N [v] contains 2 vertices of C,, and one vertex of
P, inG theng(v) =+1.
Sub case (1): Letu; € P, ini™ copyof G then
D 9=+ D +(D]=-1.
ueN[v]
Sub case (2): Letu; ¢ P, in i copy of G then
D 9u) =) +[(-D+ (D] =-1.
ueN[v]
(ii)Then N[v] contains 3 vertices of C,, and zero vertex of
P, inGthen g(v)=-landg(v) = +1.
IFgv)=-1= D g(u)=(-D+[(-D+ (D] =-1.

ueN[v]
IFgVv)=+1= D g(u) =D +[(-D+(-D]=-1.
ueN[v]
From the above cases, we get Z g(u) >0,forsomeveV.
ueN[v]
This implies that the function g is not an inverse signed

dominating function. Hence f is a maximal inverse signed
dominating function on G. Now inverse signed domination
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number is the sum of the function value of all vertices in G,
that is

IR0 E](ﬂ) +((m)—[g—D(—l):—mn+2n{%—}.

uev (G)
n—times n—times

Therefore 2(G) =n {2{%} - m} .

3.RESULTS ON CORONA PRODUCT GRAPH
Theorem 3.1: A function f :v — {-1,+1}is defined by
. . (m .
+1,if 1<i<| — | of each copyof K, inG,
f ()= ( 2 ] PO

-1, otherwise.

is @ maximal inverse signed dominating function of a graph
G=P,0 K, and inverse signed domination number is

78(G)=—n, if miseven.
Proof: Consider the graphG = P, 0 K, with |V | number

of vertices and | E | number of edges.
Let f be afunction defined in the hypothesis.

Case 1: Let Vi €P\be such that d(v;)=m+2inG then

3 W=D+ DD+ K%} D+ [%j(+l)i| _ .

ueN[v;]

Case 2: Let V; €P, be such that d(v;)=m+1inG then

m m
2 fW=(D+(n+ K?J D+ (?j (+1)} =-2.

ueNJ[yv;]
Case 3: Let V; € Kpj; be such that d(Vv;)=minG and
f(vi)=—1or +1.
If

m m
flvj)=%l=> fW=ED)+|| = |-D+| = |(+D |=-1.
(vi) %“] W=D KJ( ) [ZJ( )}

Hence for all the above possibilities, we

get z f(u)<0, Yv; eV . This implies that the
ueN[v]

function f is an inverse signed dominating function. Now

the maximality check for f , define g:V — {~1,+1} by

+1, iflsigg of each copy of K, inG,

g(vj)=<+L ifvy=v, eP,inG,
-1, otherwise.

Case 1: Let Vj € P, be such that d(vi)=m+2inG :
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()1 v eNvI= Y. g(u)—1+(—1)+(—1)+K%](+1)+[%j(—1)}——1

ueN[v]

(I e NYI= Y gu)=(-D+(D+ (71){[%)@1){%](71)} -

ueN[v]

Case 2: Let V; € P, be such that d(v;) =m+1inG .

(i)Ifvg e N[vi1= Z g(u)—1+(—1)+K ](+1)+( ]( l)}

ueN[v]

(ii)If v 2 N[v]= z g(u)—(—1)+(—1)+K j(+1)+( j( 1)} -2.

ueN[v;]
Case 3: Let v;eK, be such that d(v;)=m in G and
g(v;)=+1.

(i)Letv, e N[v,]= Z g(u)=1+K j(+1)+( j( 1)}

ueN[v;]

(ii)Letv, ¢ N[v;]= Z g(u) = (1){[ J(+l)+[2J( 1)}

ueN[v;]
This implies that g is not an inverse signed dominating
function because Z g(u) > 0,for somev; eV ,
ueNJ[v]
Hence f is a maximal inverse signed dominating function

on G . Now inverse signed domination number is the sum of
the function value of all vertices in G, that is

>t =D+ (D + (%)(+1)+[%)(—1) -

uev (G) n—times

n—times

Finally}/?(G)Z—n,if m is even.
Theorem 3.2: A function f :V — {-1,+1}is defined by

+1, iflsis[mﬂj of each copyof K, inG,

f(v;)=
-1, otherwise.

is a maximal inverse signed dominating function of a graph
G=PR,0 K, and inverse signed domination number is

72(G)=0, if misodd.
Proof: Let f be a function defined in the hypothesis.
Case 1: Let Vj €R, be such that d(v;)=m+2inG then

Z fU)=(D+ED+D+ K j( +)+ ( j( 1)}

ueN[v]
Case 2: Let V; €R,be such that d(v;) =m+1in G then

D fw- (1)+(1)+K j( D+ [ ]( 1)}

ueN[v;]
Case 3: Let v; e Ky, be such that d(V;)=minG and

f(vi)=+1= Z f(u) = (1)+K j( )+ ( J( 1)}

Hence for all the above possibilities, we get
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Z f(u)<0, W eV |
ueN[v;]
This implies that the function f is an inverse signed

dominating function.
Now the maximality check for f , define

g:V->{-1+1}by

+1, ifl<i<

m inG,
g(v;)=1+L, ifvy=v eP,inG,

-1, otherwise.

Case 1: Let v; € R, be such that d(v;)=m+2inG.

(i) v eNMl= Y g(u)=1+(—1>+<—1)+[[m7‘1j(—1>+[m”}(+1>}

ueN[v]

(i) vy N[ 1= z g(u)_(—1)+(—1)+(—1)+[ j( 1)+(m+1j(+1)} 2.

ueN[%]

Case 2: Let V; € P, be such that d(V;) =m+1inG .

()If v eNMI= D gu)=1+(- 1){["‘2 1}(—1){”‘”]&1)}:1.

ueN[v] 2
(i) v e NIl = D g(u)—(—1)+(—1)+{[ ]( H+ [m”](—l)}
ueN[v;]

Case (3): Let v; e K,be such that d(V;)=minG and

(i)Letv e N[v;] = Z g(u) = 14{( j( 1+ (m+1j( 1)}

ueN[v;]

(ii)Letv, e Nvl= > g(u)= (1)+K j( 1)+[m+1j(+1)} 0.

ueN[v;]
This implies that J is not an inverse signed dominating

function because Z g(u) > 0,for somev; eV
ueN[v]
Hence f is a maximal inverse signed dominating function

onG . Now inverse signed domination number is the sum of
the function value of all vertices in G, that is

Dt =+t (D) (m;1](+1)+(mz_1j(—l) -0

ueV (G) n—times

n—times
Finally 72(G) =0, if m is odd.
4. CONCLUSION
It is interesting to study the inverse signed dominating
functions of corona product graph of complete graph with a
path and rooted product graph of a path with cycle. This

work gives the scope for an extensive study of various
inverse dominating functions of these graphs.
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