Volume 8, No. 6, July 2017 (Special Issue III)

ISSN No. 0976-5697

International Journal of Advanced Research in Computer Science

Avadilable Online at www.ijarcs.info

CONNECTED MAJORITY DOMINATION ON PRODUCT GRAPHS

J. Joseline Manora
PG & Research Dept. of Mathematics,
T.B.M.L College,
Porayar - 609 307, India.

T. Muthukani Vairavel
Dept. of Mathematics,
Sir Issac Newton College,
Nagapattinam — 611 102 , India

Abstract: This paper contributes a connected majority dominating set of a product graph G. A connected majority domination number ¥z (&)
is determined for some product graphs such as Grid, Cylinder and Torus. Next we study connected majority dominating sets for generalized

Petersen graphs and bounds of ¥ [ &) are also established.
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I. INTRODUCTION

Definition 1.1 [2] Let G be a finite and simple graph with a
vertex set V(G) and an edge set E(G). Then |[V(G)| = p and
|[E(G)| = g. A subset S of V(G) is said to be a dominating set
of G if every vertex in (V-S) is adjacent to at least one vertex
in S. A dominating set is called minimal dominating set if no
proper subset of S is a dominating set. The minimum
cardinality of the minimal dominating set of G is called the
domination number of G, denoted by ¥{&}.

Definition 1.2 [1] A dominating set S is said to be a connected
dominating set if the subgraph {5} induced by % is connected
in G. A connected dominating set S is minimal if no proper
subset of S is a connected dominating set. The minimum
cardinality of the minimal connected dominating set of G is
called the connected domination number, denoted by ¥-{{].

Definition 1.3 [5] A subset S of V(G) is said to be a Majority
Dominating Set (MDS) if at least half of the vertices of V(G)
are either in S or adjacent to elements of S. A majority
dominating set S is minimal if no proper subset of S is a
majority dominating set. The minimum cardinality of a
minimal majority dominating set is called majority
domination number, denoted by ¥ (G,

Definition 1.4 [6] A vertex v is called majority dominating
vertex if the degree of v, div) = [E] —1. For 5= V(G), a

vertex v € 5 is called an enclave of Sif N[v] E5and v 5
is an isolate of S if N{v) =V — 5.

Definition 1.5 [4] A subset & Vi) is a Connected
Majority Dominating set (CMDS) if

(i) S is a majority dominating set and

(ii) the subgraph {5} induced by S is connected in G.
The connected majority dominating set S is minimal if no
proper subset of S is a connected majority dominating set. The
minimum cardinality of a minimal connected majority
dominating set is called the connected majority domination
number and is denoted by ¥ (&), The maximum cardinality
of a minimal connected majority dominating set of G is
called upper connected majority domination number of G,
denoted by T (G

Theorem 1.6 [4] Let S be a Connected Majority Dominating
(CMD) set of a graph G. Then S is minimal if and only if for
every vertex ¥ € 5, either the condition (i) or the condition (ii)
holds.

M IN[S]| = [ﬂ then either v is an enclave of S
or pnv,S]N(V—5)=®and (5} is
connected.

(i) INIsl > [2], then jpmlw,s1i> visT - [2]

-
&

and {5} is connected.

Il. CMD NUMBER FOR GRID GRAPHS

Definition 2.1 [7] Let G and H be any two connected graphs
with the vertex set (Ug,Us,... Uy) and (Vi,Vs,... V,) respectively.
The (Cartesian) product graph K = G X H has V(K) = V(G)
X V(H) and vertices (ui,v;) and (up,Vv,) in V(K) are adjacent if
and only if either u; = uand vyv, in E(H) or vy = v, and upu, in
E(G). The grid is P; X Pj; the cylinder is C; X P;, for i>3 and
j > 3; and the torus C; X C;, for i >3 and j > 3.

Theorem 2.2

ForagridG =FRXF, j=3,
Bl . i jisodd

[pTlJ , if j iseven
Proof: Consider the grid graph ¢ =P, X F; (ladder graph)
with vertex sets {vy;,vy;... v} in the first row and
{v31.v35. ... v5;} In the second row respectively.

Yo (Gl =
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Case (i): Let j be odd. Consider the subset S of V(G) as
follows 5l = EJ =t
2 5 5 .
NSl = 5 dw) — (sl -2) =2+2=[F]. =sisa
MD set of G. Since every vertex of S is of distance one, the

induced subgraph (S) of S is connected. Hence, S is a CMD
set of G.

~ Yo 6) = 151 = |2] @

5= {Vj_:.- Vyg. "'vlt} with

Then

B

Let S'=5—{v} with |5'|=[]-1
E_ o
NN =S8 e —as1—n) =2-1<[f] = &

would not be a MD set of G. * ¥z(G) = 5] = LEJ -1,
Then

Yo (6) = |2] @)
From (1) and (2), we get yeulG) = LEJ Jif j isodd

Case (ii): Let j be even. Choose first row vertices from V(G)
and form the subset as & = {15, 1713, ... ¥4+ } With the size

s1= 2.

Pt )
Now, INTs]| = 52 ) aw,) — (51 - 2= 2|E] +2 =[]
= Sisa MD set of G. Since every vertex of S is of distance
one, the induced subgraph (S) of S is connected. Hence, Sisa

CMD set of G.

-1
& ven (@) = 151 = [ ®)
Applying the same argument as in case (i) we get,
v ©) = 7] @

From (3) and (4), we get ycm(G) = [PTIJ if j is even,

Theorem 2.3
ForagidG =R XA /23, ya(6) = 2
Proof: Consider the grid graph & =F; X B, j = 3. Let

VI(G) = {vy3.92, s Vyj Vag, s Vaj, Vag, o U5} AN it forms |
row, Il row and Il row respectively for G. Form a subset of
V(G) as & = {13z, g i Vet With [§] = EJ . Since each

vertex of S covers 3 vertices vertically, but the first and last
vertices of S cover 4 vertices.

SINisli=31sl + 2= [E] . Hence, S is a MD set. Since every

vertex of S is of distance one, the induced subgraph {5} of ¥ is
connected. = S is a CMD set of G.

Now,

ven @) = 15| = |2] )

LetS' =5 — {w}with Is'] = [ - 1.

&

Now IN[sTI=3s|3+2 =2-1=<[%] = 5" would not
be a MD set of G.

& ven(6) = 157 = B -1

= YEM{G:] = EJ )

From (1) and (2), we obtain ycu(G) = EJ .

Corollary 2.4

ForagidG =P XEB jz4, r5(6) =2
Theorem 2.5

ForagidG =R XF .j=5,
Z . if j=00mod 6)
i - —
E] . if i=1(mod &)
2] . if j = 2,345 (mod 6)

Proof: Consider the grid graph ¢ =F; X F; , j = 5, with
ViE) = {Vyq . Vi Vggoon Vg Vg o Vg Vgg o o Vg Vg o Vs ) and
it contains 5 rows.
Case (i): Let j=0{modb)
5= {V:lJV::; ---} Wlth

Now, IN[S1I = 315l +2 =2+ 22 [2].

Yem ¢ =

Consider the set
&

. 5 is a majority
dominating set of G. Since every vertex of S is of distance

one, the induced subgraph {5} of S is connected. - 5 is a
connected majority dominating set of G. Then

veu(G) = sl =§ O
Supposg, let ' = 5 — {v} with |§'| = E _1.

Then INTS'1l = 315" = 3=2 — 6 < [£] = 5’ would not be a
B r _‘!‘-'l
MDsetof Gand » yey(6) = I51=2—-1. o o0
‘Jf’m"i'-{] = E (2)
From (D) and 2 we get,
YerG) =% . if j=0(mod6).
Case (ii): Let j=1{mod &) Consider the set

S=(mva)  with  ISI= 12

NSl =315l +2=3 [E]+2=24+22[] =sisamD

set of G. Since every vertex of S is of distance one, S is a
CMD set of G. Then

2
veu(@) < sl = [E] 3)
Suppose §' = 5§ — {r}with |5'| = E] — 1. Applying the same
argument as in case (i), we get 5" would not be a MD set of

G.

Now,

: ¥en@) > 15" = [E] -1 (@)

From (3) and (4) we get,
e @ =[E] . if j=1(mod 6).

Case(iii):

5= {1-"'::.- Tag., ...} with

Let j=2.34.5(mod &) . Consider the set

5=

NSl =3lsl +2=2+2> %] = s is a MD set of G,

Since every vertex of S is of distance one, S is a CMD set of
G.

5 ven(@) =151 = 2] ®)

.Now
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Applying the same argument as in case (i), we get,
vem(G) = EJ (6)

From (5) and (6) we get,
h<l

ver @) = [E| . if j=23450mod 6).

Corollary 2.6

ForagidG =FXF .j=6.
L ifj=0(mod6)
6

Yeu (6) = [%] if j = 1.5 (mod 6)
E]. i1 =234 0mod 6)

111. CMD NUMBER FOR CYLINDER AND TORUS GRAPHS

Proposition 3.1
1. ForaCylinder 6 =C; XF .,

1’::»:{':2 XP_.} = EJ for j=2.

2. ForaTorusG=CXG . vaulCXC)=§ for jz3

Proof:

1 Let G=C,XF.j=12 . Let

VI(G) = {vy4.002, s Vyjs Vag, s Vaj, Vag, a5 . Consider a

subset S of V(G) such that 5 = {v3. 173 ... v} with

_ |z
5| = EJ. Then|nis]l = Bio,dvs— Isl + 2 =3[ + 2 = [E].
= Sis a MD set of G. Since every vertex of S is of distance
one, S isa CMD set of G. Then applying the same argument as
in Theorem 2.3, we get ¥ (G) = EJ

2. LetG =C; XC; . j =3 be the 4-regular graph. Let

VIG) = {044,000, s Vg Vag, s Vaja Vag, e Vag ) Conﬂsider the
Set.S' c V{G:] as 5= '[1:"1_:.- Tygs wees 1:"]_:'} Wlth |5| = |;J Then
Ivisil = Ehopdqvyp— I8l + 2= SIEJ +2= F] . Applying the

same argument as in Theorem 2.3, we get ¥ca (c) = [E .

Example 3.2 Consider the graph G = C3 X P5 Here
[V(G)|=p =15, S = {vy,,vi3}is a CMD set of G. Hence,
. T’CM{G:] =2= %J

Cylinder Graph
G=CyXP,

Figure 2.

Example 3.3 Consider the graph G = C3 X Cs Here
[V(G)|=p =15, S = {vy1,vio}is a CMD set of G. Hence,

'}’CM{G:] =2= [%J

Torus Graph

G=C3%Cs

Corollary 3.4
1. Foracylinder G =C, XF; .
ver(CoXB) =[E] for jz2
2. ForaTorus G=C,XC; .,
ver(Cox ) =8 for jz 3.
Proposition 3.5
1. ForacylinderG =C; XF; .j=3.
. if j= 0{mod 6)
. if j = 1{mod 6)

—_—
o' o [
—_—

Yem ) =

E] . ifj=23450m0d 6)

2. ForaTorusG=C(;XC;.j=3,
. if j = 0{mod 6)

L - T

v @ =1 [B] . iF )= 1(mod 6)

EJ , if j = 2,3,4.5(mod 6)

IV. CMD NUMBER FOR GENERALIZED PETERSEN
GRAPH

Result 4.1 For a Petersen graph with p = 10, q = 15,
-1

- T’CM{G] =2= [TJ

Definition 4.2 Foreach n = 3and 0 < k< n, P(n, k)
denotes the Generalized Petersen graph with vertex set
V(G) = {uy, uy...ut,, vy, 7, ..¥,} and the edge set
E(G)= {1 U1 (moa ) WiV Vi i imed n}} ,
1<i=mn.

Theorem 4.3 For a generalized Petersen graph G = P(n, 1),
veu @) = [F]- 1.

158
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Proof: Let us consider the vertices of the generalized Petersen

graph G = P(n,1) can be partitioned into two sets

V, and V; such that V =V, UV, where the inner polygon has

the vertex set as V; = {vy,v,, ..., ,} and the outer polygon has

the vertex setas V, = {1y, g, .. 1, 1.

Let [V(G)] = p = 2n. Consider the set s =V such that
T

5= {vl,v:,...,v[ ]_1} with |s| = H —1 or |§5]= {EJ

n
- 2 4
z

Now, let IN[S]| = E{%]_ld(vij —(Is] - 2)

~2(f 1) 2=zl

SisaMD set of G.

Since every vertex of S are of distance one, S is a CMD set of
G.

Yeu (6) < 151 = [2] -1 1

Now, let 5' = 5 — {v} with |5'| = (H —1)— 1. Then,
B

IN[ST| = Z dlw) - (sl -2 =2([5]-2) +2=n-2<[]
i=1 -

5" would not be a MD set of G.
= yeu (@) > 18" = [3] -2 )
From (1) and (2) we get,
Yeu (G) = E] —1 00y (6) = {%IJ
Corollary 4.4 For a generalized Petersen graph G = P(n,2),
-1
Yeu (G) = [TJ

Corollary 4.5 For a generalized Petersen graph G = P(n,3),
Yeu (G) = {%IJ

Generalised Petersen Graph
G =P(16,3)

Figure 4.

Corollary 4.6 For cubic graphs Grinberge and Tutte graph
with p = 46, the CMD number for these graphs are

r—-1

Yeu (6) = 11 = [=]

Corollary 4.7
Yem (G)= [?J

For all cubic graphs the CMD number

V. BOUNDSFOR ¥yl G)

Proposition 5.1 Let H be a connected spanning subgraph of
agraph G. Then ¥eu (G) = yeu (H).

Proposition 5.2 For any tree G with p =3 vertices,
[E-‘ — g = }'&\;(G] = p—e.

Proof Let G be atree of order p = 3 with 'e' end vertices.
Case(i): If the graph G has the end vertices ¢ < [E] then

v @) = [F] - e.
Case(ii): If the graph G has the end vertices ¢ = [E] then

Ve G) < p—e.
The bounds are sharp. For example, let & = 5(K; ;). Then

Yo @ =1=[F] - e,

And let = KL:LL‘ . Then J}’E.‘»I{G:] =1= p—e.

Corollary 5.3 For a product graph, the lower and upper
bounds are EJ = v (G) = LEJ These bounds are sharp.

For example, 1. Let G = P, X Pys. Then ¥y (G) = 6 = EJ

2. LetG = C4 X P7. Then Yem {G:] =4 = |§J

Proposition 5.4 For any graph G, ¥y (6} £ v, (6) = . (G).
For example, 1. let ¢ = K, a Complete graph of p = 2.
Then Va6 = ¥ (G) = 3. (G,

2. For a Caterpillar G, with p = 22,
¥a (G) = 3,¥, (G} = 3and ¥.(G) = 11. Hence we get the
inequality as ¥a (G) < ¥ (G) = y(G).

VI. CONCLUSION

In this article, researcher thus introduced and
discussed a new type of Domination parameter of a graph G.
Connected Majority Domination number Ve WG) is defined
and it is determined for some classes of product graphs. Then
bounds of ¥m:(G) and Connected Majority Domination
number for generalized Petersen graph are also established.
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