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1. INTRODUCTION

Monsef et al .[1] devised and investigated a new notion
of open set which is one of the member of class of basic open
sets called [ -open set. This kind of set discussed by

Andrijevic [3] under the name, semi-preopen sets. The
concept of generalized closed (briefly g-closed) sets in a
topological space and a class of topological spaces called

T,,, -space was introduced by Levine [18] and these sets
were further considered by Dunham and Levine [11].
Dunham (See also [10]) continued the study of T,,, -spaces.

In 1982 Dunham [12] derived a new closure operator C" by
using g-closed sets in such a way that for any topological

space (X,7) , C*(E)= n{A: E <A € D}, where
D={A: AcX, Aisg-closed} and he also

proved that C" is a Kurtowski closure
operator in X. Dunham [11] also proved that (X,z) is

always a T,-space and by improving the result, he

established that (X,7") is T, -space, for any topological

space (X,t) . Munshi et al. [25] introduced the notion of g-

continuous functions. Balchandran et al. [4] also studied the
notion of g-continuity. Malghan [21] introduced the
generalized closed maps and discussed its fundamental
properties. 3 -open ( B -closed) functions defined and
discussed by Monsef et al. [1]. Mahmoud et al. [20] initiated
and studied the lower separation axioms via 3 -open sets.
Caldas (see [8], [5], [6]) discussed some properties of
functions with strongly o -closed graphs by utilizing o -
open sets and the o -closure operator. Long [19] investigated
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the required condition for a graph G(f) to be a closed subset

of the product space X XY . Herrington et al. [14]
introduced the concept of strongly closed graph. Noiri [27]
gave some characterization of strongly closed graph. Sayed

et al. [29] introduced D, -closed sets and in topological

spaces by using the generalized closure operator C* due to
Dunham [12] and also established D, -continuous, D, -

open and D, -closed, D, -closed graph and strongly D, -

closed graph functions in topological spaces. In this paper, in
Section 1, we give some basic definitions and results which

will use in the sequel. In Section 2, we define Dﬁ -open and

DB -closed functions and characterize its fundamental

properties. In Section 3, we devise and elaborate some lower
separation axioms using DB -open sets. In Section 4, we

discuss the concepts of DB -closed graphs and strongly DB -
closed graphs.
1.1. Preliminaries. Throughout this paper (X,t) will

always denote a topological space on which no separation
axioms are assumed, unless explicitly stated. If A is a

subset of the space (X,t), C/(A) and Int(A) denote

the closure and the interior of A respectively. Here we
recall the following known definitions and properties.
Definition 1.1. Let (X, 1) be a topological space. A subset

A of the space X is said to be,
(i)  preopen [22] if A < Int (C/(A)) and preclosed

if C/(Int(A)) c A.
(i)  semiopen[17] if A < C (Int(A)) and semi-
closed if Int (C/(A)) CA..

887



Purushottam Jha et al , International Journal of Advanced Research in Computer Science, 8 (7), July-August 2017,887-895

(iii) o -open [20] if A < Int(C/(Int(A))) and o -
closed if C/(Int(CL(A))) < A.

(iv) B-open [1] if A < C/(Int(C/(A))) and B-
closed if Int (C/(Int(A))) c A.

(v)  generalized closed ( briefly g-closed ) [16] if
C/(A) < U whenever A< Uand U is open in

X and generalized open (briefly g-open) if X\ A is
g-closed.

(vi) pre’-closed set [30] if C/"(Int (A)) < A and
pre -open setif A < Int"(C/(A)).

(vii) semi”-closed set [28] if Int"(C/(A)) < Aand
semi " -open set [23] if A < C/* (Int(A)).

(viii) D, -closed [29] if C/*(Int(C/*(A))) < Aand
D, -open if X\ Ais D, -closed.

(ix) Dp-closed [16] Int"(C/7(Int™(A))) < Aand
Dg-openif X\ A is Dg-closed.

Definition 1.2. A function f :(X, 7) — (Y, o) is said

to be,
M [ -continuous [1] if the inverse image of each open

setinY is -open in X.
(i) g-continuous [4] if the inverse image of each open
setin Y is g-openin X.

(iii) pre’-continuous [30] if the inverse image of each
open setin Y is pre -open in X.

(iv) semi’-continuous [23] if the inverse image of each
open set in Y is semi”-open in X.

(v) D -continuous [29] if the inverse image of each
opensetinYis Dy -open in X.

(vi) DB-continuous [16] if the inverse image of each
opensetinY is DB-open in X.

(vii) B-open [1] (resp. B-closed ) if the image of each
open ( resp. closed ) set in X is [ -open (resp. B-
closed) inY.

(viii) g-open [21] ( resp. g-closed ) if the image of each

open ( resp. closed ) set in X is g-open ( resp. g-
closed) in Y.

(ix) semi -open ( resp. semi'-closed ) [24] if the image
of each open (resp. closed ) set in X is semi -open (
resp. semi -closed ) in Y.

(xX) D -open [29] (resp. D, -closed) if the image of
each open ( resp. closed ) set in X is D -open (
resp. D -closed ) inYY.

Definition 1.3. Let f :(X, 7) — (Y, o) bea function:

(i) the subset {(X, f(X))| xeX} of the product
space (X xY) is called the graph of f [19] and is

usually denoted by G(f).
(i)  has aclosed graph [19] if its graph G(f) is closed
sets in the product space X x Y .
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(iii)  has a strongly closed graph [14] if for each point
(X, y) not belongs to G(f), there exists open sets
Uc X and Vc Y containing x and v,
respectively such that
(UxCiV)) N G(f)=¢.

(iv) has D, -closed graph [29] if for each
X, y) e(XxY)\G(f) , there  exists
UeD,O(X,x) and Ve GO(Y,y) such that
(UxCr(V))n G(f)=¢.

(v)  has a strongly D -closed graph [29] if for each
(X,y)e (Xx Y )\ G(F), there exists a o -open set
U in X and VeO(Y) such that
(UxCUV)) N G(f)=g.

Definition 1.4. A topological space (X,7) is said to be,

(i) T,,, [18] if every g-closed set is closed.

(i) g-Tp [7] if for any distinct pair of points x and y

in X, there exists a g-open set U in X containing x but
not y or containing y but not x.

(iiiy g-Ty [7] if forany distinct pair of points x and y in
X, there exists g-open set U in X containing x but not
y and an g-open set V in X containing y but not x.

(iv) g-Ty [7] if forany distinct pair of points x and y
in X, there exists g-open sets U and V in X containing
x andy, respectively suchthatU NV =¢.

(v) pB-T,[20] if for any distinct pair of points x and
yin X, there exists /-open set U in X containing x
but not y or containing y but not x.

(vi) P-Tq [20] (resp. D, -Tp [24] ) if for any distinct
pair of points x and y in X, there exists D, - open
(resp. D, -open)set U in X containing x but not y
and an 3 —open ( resp. D, -open ) set V in X
containing y but not x.

(viiy B-T, [20] ( resp. D, -To [29] ) if for any
distinct pair of points x and y in X, there exists [ —
open ( resp. D, - open ) sets U and V in X
containing x and v, respectively such that
UnV=¢.

The intersection of all g-closed sets containing A [11] is

called the g-closure of A and denoted by C/* (A) and the g-
interior of A [12] is the union of all g-open sets contained in

A and is denoted by Int” (A) . The family of all DB - closed
(resp. closed , D, - closed, g-closed, B -closed, semi*-
closed) sets of X denoted by D ,C(X) ( resp., C(X) ,

D, C(X), GC(X), B C(X), semi” C(X) ). The family of all
Dy - open ( resp. open set of, D, - open, g-open, {3-open,
semi*-open ) sets of X denoted by D,O(X) ( resp.
O(X), D,O(X) , GO(X), 2 O(X), semi” O(X)).
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Lemma 1.5. [19] A function f : (X, 7) — (Y, o) has a
closed graph if for each (X,y)e (XxY )\G(f), there
exists UeO(X,x) and VeO(Y,y) such that
f(UyNnV=¢g.

Lemma 1.6. [27] The graph G(f) is strongly closed if and
only if for each point (X,y) € G(f), there exists open

sets Uc X and V < Y containing x and y, respectively
suchthat f (U)NCl(V)=¢.

2. Dﬂ — OPEN AND Dl3 —CLOSED FUNCTIONS

Definition 2.1. A function f : (X, 7) — (Y, o) is said
to be DB —open ( resp. DB —closed) if the image of each
open ( resp. closed ) set in X is DB —open ( resp. DB -
closed) inY.
Theorem 2.2. (i) Every [ -open function is DB —open.
(if) Every g-open function is DB —open.
(i) Every semi " -open function is DB —open.
(iv) Every D, —open function is Dﬁ —open.

Proof. (i) The proof follows from the definition
and from the Theorem 2.3 of [16] that every g-open set is

DB —open.
(ii) The proof follows from the definition and from the
Theorem 2.3 of [16] that every semi -open set is
DB —open.
(iii) The proof follows from the definition and from the
Theorem 2.3 of [16] that every 3 — open set is
DB —open.
(iv) The proof follows from the definition and from the
Theorem 2.3 of [16] that every D _ —open set is
DB —open.
Remark. (i) DB —open function need not be 3 — open. (see

the Example 2.3 below)
(i) DB —open function need not be g-open. (see the

Example 2.4 below)
(iii) DB —open function need not be semi” -open (see

the Example 2.4 below)
(iv) DB —open function need not be D, — open. (see

the Example 2.5 below).
Example 2.3. Let X={a,b,c}, t={X, ¢,{b,c}, {c}},
then (X, 7) be a topological space. Let Y ={1, 2, 3}and
o={Y, ¢, {2,3},{3}}, then (Y,7) be a topological
space.
CY)={Y,o,{1}.{1, 2}},
BC(Y)={Y.¢.{1, 2}, {1}.{2}}.
BO(Y)={Y.¢.{2,3}, {3}, {1.3}},
D,C(Y)={Y. ¢ {1}.{1,2},{2}.{1,3}{3}}.
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D,O(Y)={Y.¢.{2,3}{3}{1,3}.{2}{1. 2}}.
Let f:(X, 7) = (Y, o) beafunction defined by f(a) =
3,f(b)=1,f(c)=2is DB —open function, since the image
of each open set is DB —openinY. Butfisnota [3 —open
function, since f ({b, c})={1, 2}, whichisnot f —

openinY.
Example 2.4. Let X ={a, b, c} be any set and

7 ={X, ¢,{a, b}} , then (X, t) be a topological space.
Let Y ={x,y,z}and o ={Y,¢,{y, z},{z}}, then

(Y, o) be atopological space.

C(Y)={Y,¢.{x}.{x. y}}.

GC(Y) ={Y, . {3 {x, yhAx. z}},

GO(Y) ={Y,¢.{y.z}.{z}.{y}}.

DC(Y) ={Y. ¢.{x}, {x, y}.{x, z}.{y}.{z}}.
DO(Y) ={Y, ¢.{y, zZ}{z}. {y}.{x. 2}.{x. y}}.
S'O(Y) ={Y, ¢,{y,z}.{z}, (X, 2}} . Let

f:(X, 7) = (Y, o) be the function defined by f(a) = x,
f(b) =y, f(c)=zis DB -open function, since f image of each
open set is DB—open inY. But f is not g-open, since

f ({a, b}) ={X, y}, which is is not g-open in Y and not

semi*-openin Y.
Example 2.5. Let X ={X,Y,z} and

7 ={X, ¢,{y,2},{z}}. then (X, 1) be a topological
space. Let Y ={a, b, c} and

o ={Y, ¢,{b,c},{b},{c}}, then (Y,o) bea
topological space. C(Y ) ={Y, ¢,{a},{a,c},{a, b}},
GC(Y) ={Y. ¢.{a}.{a,c}.{a,b}},

GO(Y) ={Y, ¢.{b.c},{b}.{c}}
D,C(Y)(Y)={Y.¢.{a}.{a.c}.{a b}},

D,O(Y) ={Y, ¢,{b,c},{b}.{c}}
D,C(Y)={Y,¢.{a}.{a c}.{a b},{b}.{c}}.
D,0(Y)={Y, ¢,{b,c},{b}.{c} {a b}.{a c}}.

Let function f:(X, 7) — (Y, o) defined by f(x) = b,
fly)=a,f(z)=c is DB—open function, since the image of
each open set in X is DB-open inY, but fis not D, -open,
Since f{(y,z)}={a,c}, whichisnot D_-openinYy.
Remark. The composition of two DB—open maps need not

be DB-open in general. This is shown by the following

example.
Example 2.6. Let X =Y =Z={a, b, c} be the sets with

the topology T ={X, ¢,{a, b,d},{b,d}},
s ={Y, 0,{a b},{a,b,c}, {b,d}, {b}.{a b, d}}and

n={Z,¢.{b,c},{b,c,d},{c}.{c,d}{a b}.{b}{a,b,c}}
, respectively. Then (X, 1), (Y,o) and (Z,m) be the
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topological spaces. We define f:(X, 1) —>(Y,o) asf(a)
=b, f(b) = ¢, f(c) = d, f(d) = a and the map

g:(Y, o) >(Z,m) as g(a)=d,g(b)=c, g(c)=aand
g(d)=a. Thenfand g are DB -open maps, but their
composition g0 f :(X,7)— (Z,0)isnot Dg-open
map, because  be any open setin (X, 1) and

go f(A)=g(f({b,d}))=9({a,c}) ={a,d}, which
isnota Dg-opensetin (Z,n) .

Theorem 2.7. If f:(X, 7) > (Y,o) is a open map
and  g:(Y, o) »>(Z,n) is Dg-open map, then their
composition g 0 f :(X,7)— (Z,0) is Dp-open map.
Proof. Let G be any open set in (X, t). Since f is open
map, f(G) is open in (Y,o) . Since g is D -open map,
g(f(G)) is Dg -open set in (Z,n)

go f(G)=9g(f(G))is Dg-opensetin (Z,n) .
Theorem 2.8. (i) Every g-closed function is DB -

Therefore

closed.
(i) Every semi*-closed function is DB-cIosed.

(iii) Every [ -closed function is DB-cIosed.
(iv) Every DB-cIosed function is DB-cIosed.

Proof. It is obvious.

Theorem 2.9. If the space is T,,, thenevery D, -closed
(‘resp. DB-cIosed ) setis o -closed ( resp. f-closed).

Proof. Let A be any D, -closed ( resp. DB-cIosed ) subset

of the space X, then we have (C/*(Int(C/"(A))) < A (
resp. Int*(C/"(Int*(A))) < A). Since the space X is
T, . every g-closed set is closed,
Cr*(A)=C/l(A) Therefore, we get
C/(Int(CL(A))) < A (resp. Int(C/(Int(A))) cA)

consequently

Theorem 2.10 If f:(X, 7) > (Y,0) is a g-closed
map, g:(Y, o) —(Z,n) is Dg-closed map and (Y, o)
be T, -space,  then their
go f:(X, 0) >(Z,77) is Dp -closed and therefore

B — closed.
Proof. Let A be any closed setin (X, t). Since map f is

g-closed, f(A) is g-closed in (Y, o) . Since (Y,c) is Ty,
-space, f(A) is closed in (Y,o) . Since g is D -closed,

composition

g(f(A)) is DB -closed set and therefore [ -closed set in
(Z,m) and gof (A)=g(f (A)). Hence the composition
map g O f is DB-cIosed and therefore 3 — closed.
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Theorem 2.11. Let f:(X,7) > (Y,o) be any
bijective map, then the following statements are equivalent;

G f*is D g -continuous.

(i) f is Dﬂ—open map.

(i) f is DB-cIosed map.
Proof. (i) = (ii): Let U be any open set in X. By
assumption (f'l)'l(U)=f(U) is Dg -open in Y. This
shows that fis D 3 -Open map.

(if) = (iii): Let F be any closed set in X. Then FCis
open set in X, therefore by assumption

f(F®) = (f(F))° is Dg-open in Y, consequently f(F)
is DB-cIosed in Y. Hence the map f is Dﬁ' closed.

(iii) = (iv): Let F be any closed set in X. Then by
assumption f(F) is DB -closed in Y and therefore

f(F)= (f'l)'l(F) is Dg-closed inY, therefore fLis

DB -continuous.

3. LOWER SEPARATION AXIOMS

Separations are very useful concepts in topological spaces.
They can be used to define the more restricted classes of
topological spaces. The separation axioms exhibit the
knowledge about the points and sets that are distinguishable
or separated in some weaker sense or some stronger sense.
Here we define and study some new types of lower

separation axioms, namely Dg —T, forn=0,1and 2.
Definition 3.1. A topological space (X, 1) is said to be,

(i) D, -T,if for any distinct pair of points x and y in X,
there exists a D, -open set U in X containing x but not y or
containing y but not x.

(i) DB - Tp if for any distinct pair of points x and y in X,
there exists a DB-open set U in X containing x but not y or
containing y but not x.

(iii) Dl3 - Ty if for any distinct pair of points x and y in X,

there exists a DB -open set U in X containing x but not y and

a DB -open set V in X containing y but not x.

(iv) DB - T, if for any distinct pair of points x and y in X,
there exists DB-open sets U and V in X containing X
and y, respectively such that UV = ¢.

Remark. Every Dg - Tg space need notbe Dg - Ty .

Example 3.2. Let X={ab,c} be any set and

t={X, ¢,{a, b}, {b},{b,c}}, then (X, t)be a topological

space. C(X)={¢, X,{c}.{a,c}.{a}}} ,

DC(X) ={X, ¢.{c}.{a,c}.{a}} ,

DgO(X) ={X, ¢,{a, b}, {b},{b,c}}. Thus the space X is

890



Purushottam Jha et al , International Journal of Advanced Research in Computer Science, 8 (7), July-August 2017,887-895

Dg - Tp but it is not Dy - Ty. Since for a pair of distinct

points a and b, there exists two Dg-open sets {a, b}and
{b}in which ae{a,b}and a¢ {b}but be{a, b}and also
be {b}.

Remark. Every Dg - Ty space need notbe Dg - T;.
Example 3.3. Let X={ab,c} be any set and
t={X,¢,{a,c},{c}}} . then (X,t) be a topological
spaces. C(X) ={g, X,{b},{a, b}} ,
,D,C(X) ={X, ¢,{b},{a,b},{b,c}.{a}.{c}},

D ,0(X) ={X, ¢.{a,c}.{c}.{b,c}{a}.{a,b}}

. Thus the space X is Dg - Ty, but not Dg - T5 . Since for

the distinct pair of points a and b, there are two DB-open
sets {a,c}and {b, c}such thata e{a,c}and b e{b,c}, but
these sets are not disjoint.
Remark. (i) Every D, - T, space is Dg -To.

(i) Every D, - T, spaceis Dg-Ty.

(iii) Every D, - T, spaceis Dg - T.
Proof. It is obvious.
Theorem 3.5. A space X is DB - Tg space if and only if for
each pair of distinct points x, y of X
Clo, (IX3) = Clo, ¥
Proof. Necessity - Let (X, 1) be any topological space and
let x, y be any two points in X with X=#Yy. Since X is
Dg -Tp . then there exists a Dg -open set A such that
XeA but yegA Therefore X ¢ X\ A and
y € (X\A), where X\ A is Dg- closed in X. Since

Ct o, ({y}) is the smallest D -closed set containing {y}

y e Clp ({y}) and
Clp, {y}) < X\A . Therefore x ¢ C/ D, {y}) .

Hence C/ D, {x}) = Cv D, «y}.
Sufficiency - Suppose for any disjoint pair points p , g of X
with C/ b, ({p}) = Cv D, ({a}) then there exists at least

and therefore

one point reX such that re CfDﬁ {p}) but

re C/ b, ({a}) - On contrary suppose p € C/ D, {a})
, then C/ D, {p}) < Cv D, ({a}) . consequently
re C/ b, ({a}) , which is the contradiction of the fact that

reC/ D, ({g}). Hence p e (X \ C/ D, ({a}) and
ge (X \ C/ D, ({g}) . This implies that X is
Dg - To.
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Theorem 3.6. Let f:(X, 7) > (Y,o) be a bijective
and Dg-continuous and Y is T, space, then X is Dg - Tg

Proof. Let X,, X, be any two distinct elements of X. Since f
is bijective map, then there exists Y,,Y, € Y with
y1 #Yp such that y, = f(x;) and y, = f(X,). Hence
x, = f(y,) and x, = f™*(y,). Since Y is T, space,
therefore there exists an open set G in Y such that y, € G
but y, ¢ G. Since f is Dg-continuous, f(G) is Dg-
open in X. Therefore Yy, € G implies that
fiy)e f(G) and y,eG implies that
f1(y,)e f*(G) consequently x,ef™(G) but
X, & T™(G). Therefore for any two distinct points y, y,
inYwithy € G and y, ¢ Gand G is open in Y, then
there exists a Dp -open set f(G) in X such that
X, € f(G) but X, ¢ f*(G). This shows that X is
Dg-To.
Theorem 3.7. Let f: (X, 7) = (Y,0) be a bijective
and Dg-open map and (X, t) is T, space, then (Y, o) is
Dg - To space.
Proof. Let y,, Yy, be any pair of distinct points of Y and f
is one-one and onto, therefore there exists two distinct points
Xy, X, in X such that f(x;) =y; and f(X,) =Yy, . Since
(X,0) is T, therefore there exists an open set G in X such
that Xx; eGbut X, ¢ G. Since f is DB—open map, then
f(G) is Dg-open in Y such that f(x,) =y, € f(G) but
f(x,) =y, ¢f(G).Hence Y is Dg -Ty.
Theorem 3.8. Let f:(X, 7) > (Y,o0) be a bijective
and DB—irresqute mapping and Y is DB - Tg space. Then
X is also Dg - Tp.
Proof. Suppose X, , X, be any two distinct points of X, then
there exists y,, Y, Y with y; # Yy, such that f(X1) =y,
and f(xp)=y,. Since Y is Dg -Tp, X1 =f'1(y1) and
X» =f'1(y2). Since Y is Dg - T, there exists a Dg-
open set G in Y such that y; eGandy, ¢ G. Since f is
Dy -irresolute, f (G)is D -open in X. We have y; € G
implies f-l(yl) =Xy ef‘l(G) but y, &G implies
fi(y,)=x,e f(G) . Then, for xq,X5 €X with
X1 # X, there exists a D -open set f (G)in X such that
X, € f(G)but X, & f*(G). Hence X is Dp - To.-
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Theorem 3.9. Let f:(X, 1) = (Y,0) be bijective and
DB—continuous and Y is T, space, then X is DB - Ty space.

Proof. Let X;,X, be any two distinct points of X. By
assumption there exists two points Yq,Y, €Y with
y1 #Ypsuch that y; =f(xq) andy, =f(x,). Therefore
X1 =f'1(y1) and X, :f'l(yz) . Since Y is T, space, there
exists open sets M and N in Y such that y; =f(X1) € M but
yo =f(xp)gMand y, =f(X5)eN buty; =f(x;)eN.
Since f is being Dg -continuous, f'l(M) and f'l(N) are
D -open sets in X such that X1 :f'l(yl)ef'l(M) but
Xy =f Hy,)ef 1 (M) and x, =F(y,) ef1(N) but
X1 =f'l(y1) e_if'l(N) . This shows that X is Dg - Ty.
Theorem 3.10. f:(X, 1) —>(Y, o) be a bijective, Dg -
open map and (X,t)) is T, space, then (Y,o) is
Dg - Ty

Proof. Let f:(X, 1) —(Y,c) be a bijective, D -open
map and X is T,. Lety,,Y, be any pair of distinct
points of Y, then there exists two distinct points X, , X, in X
such that f(X1) =y; and f(X2) =Yy, . Since (X,t)is T,,
there exists open sets G and H in X such that X; € G but
Xp €Gand X eHbut Xy ¢H. Since f is Dg-open map,
f(G) and f(H) in Y such that f(x;)=y;ef(G) but
f(x,)=y,z f(G) and f(x) =y, ¢f(H)  but
f(x;)=y, & f(H). Therefore Yis Dg - Ty.

Remark: By referring the above mentioned results we can
conclude that, a space being Dl3 -Tj (for i = 01) is a

topological property.
Lemma 3.11. Theset G is Dg-openin the space X, 1)

if and only if for each X € G, there exists a DB-open set

Fsuchthat xeFcG.
Proof. Suppose G is any Dg-open set in (X, 1), then for

each XeG , let G = F such that xeF and therefore
xeFc G . Conversely, assume that for each X G,
there exists a Dﬁ -open set F such that xeFcG .

Therefore G =U{Fy :F, € DgO(X), for each x}. Hence
Gis Dg-openin (X, 1).

Theorem 3.12. A space (X, t) is Dg - Ty space if and
only if the singletons are DB -closed sets.

Proof. Necessity- Let (X, 1) be any Dg - Ty space and
suppose x be any point of X. We show that {x} is DB'

closed set. Suppose y e{x}°, then X=y. Since X is

© 2015-19, IJARCS All Rights Reserved

Dg - Ty, therefore there exists two D -open sets G and H
such that xeG,ye¢G and yeH , XeH . This implies
thaty e H  {x}°, therefore by Lemma 3.11, the set {x}°
is Dg-open. i.e. {x} is D-closed.

Sufficiency- Let X, Y € X such that X # Y. It implies that
{x} and {y}two disjoint Dy -closed sets in X. Therefore

3¢y} are two Dg -open sets such that y e{x}° but

y &-E{y}c and X e{y}C but X e{x}c . Hence X is DB -Tq.

Theorem 3.13. The following statements are equivalent for
a topological space (X, 1);

() Xis Dg - Ty.

(i) Let xeX, for each ye X with y# X, there exists a
Dg-open set G containing x such that y ¢ ClDﬁ (G).
(iii) For each XeX, ﬂ{CIDﬂ (G):Gis Dg-open in
X and X e G} ={x}

Proof. (i) ) = (ii): Let X be any DB - T, space and let
X,y e X, then for each X#Y, there exists two disjoint
DB-open sets G and H such that xeG,xgHand yeH,

yeG. Since H is Dg-open, therefore X \ H is Dg-
closed and Gc (X\H) . Thus we have,
Clp, (G) c Cv D, (X\H)=(X\H) . Since
y & (X\H), therefore y ¢ C/ D, (G).

(i) = (iii) Let xe X, then for each y#X in X, there
exists a Dg -open set G such that XeG and

y & Clp (G). Therefore y z[KCt b, (G):G is Dy
-open in Xand X € G} and hence

ﬂ{CéDﬁ (G):Gis Dg-openin X and xe G}={x}.
(iii) = (i) : Let X,y € X such that Xx#Yy, then by
assumption 'y [ { C/ D, (G):G is Dg -open in X
and xeG}={x}. This implies that y ¢ Cly, (G)
where GeDgO(X) and XxeG . This shows that
ye(X \ C/ D, (G)) . Since C/ D, (G) is Dg ~closed,
then X\ C/ D, G)=H (say) is Dg-open in X and
yeH.

Therefore GmHsz(X\CEDﬁ(G)):¢ :

Hence X is Dg - Ty.
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4. DB -CLOSED GRAPH AND STRONGLY DB -
CLOSED GRAPH

In this section we introduce DB-cIosed graph and strongly

DB -closed graph and investigate some of their basic

properties.
Definition 4.1. A function f:(X, 7) > (Y,0) has

D -closed graph if for each (X,y) € (Xx Y )\ G(f),
there exist UeDgO(X,X) and V eBO(Y,y) such that
(Ux CL,(V)\G(f)=¢.

Theorem 4.2. A closed graph is always a DB -closed
graph.

Proof. The proof follows from the fact that every open set
is 3 -open and DB-open.

Remark. The converse of above theorem is not true in
general.
Example 4.3. Let X={a,b,c,d} and

t={X,¢,{a,b},{b,c,d},{b}} , then (X,t) be a
topological space. C(X) ={X, ¢,{c,d},{a},{a,c,d}}. Let
Y={1234} , o={Y,9,{1,2},{1,2,4}} , then
(Y,o0) be a
C(Y)={Y.0.{3.4}.{3}},
D ,C(X) ={X,¢.{c,d}.{a}.{a,c,d},{d}{c} {a.d},

{a,b,c},{a,b,d},{b,c},{b,d},{a,b}.{b}}

topological space.

’DﬁO(X) ={X, ¢,{a,b},{b,c,d},{b},{a,b,c} {a b,d},

{b,d}.{b,c}.{d}.{c}.{a,d}.{a,c}.{c,d}.{a c,d}}
Let f:(X, 7) > (Y,0) beafunction defined by f(a) =
2, f(b)=3, f(c) =4 and f(d) = 1. Let {c,d}e DgO(X)

and {2} eBO(Y) , then
({c,d}x{2}) n ({c, 4}, {d.1}) =

{{c, 2}, {d,2}}{{c, 4},{d,1}}=¢ Therefore the

graph G(f) is DB-cIosed graph, but it is not closed graph,
since the {c, d}is not openin X.

Theorem 4.4. The function f :(X, 7) > (Y,0) hasa
D -closed graph if and only if for each (X,y) € X x Y
such that f(X) =Y, then there exits a Dg-open set U
and a P -open set V containing x and y, respectively such
that f(U) n CL,(V)=¢.

Proof. Necessity - Suppose for each (X,y) € X x Y
with f(X) #Y . Since G(f) is Dg-closed graph, then there

exits a DB-open set U and a 3 -open set V containing x and
y, respectively such that (U xC/ ,(V)) N G(f)=4¢.
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Hence for each f(x) € f(U) and y e C/ ,(V)) with
f(x) 2y, weget f(U) nCl,(V)=9¢.

Sufficiency - Let ( X,y) ¢ G(f), then f(X) #Yy and
therefore there exist a DB-open setU and an [3-open setV
containing x and v, respectively  such  that
f(U) nCl,4(V)=¢. This implies for each X € U and
for each yeCl,(V), f(x) =y . This proves that

(UxCl,(V)) n G(f)=¢. Hence f has a Dg-closed
graph.

Theorem 4.5. If f:(X, 1) —(Y,0) isa Dg-continuous
function from a space X into a Hausdorff space Y, then f
has a DB-cIosed graphin X xY .

Proof. Let (X,y) ¢ G(f) , then f(X) #y . Since Y is
Hausdorff space, there exist two disjoint open sets P and Q
such that f(x) eQandyeP. Since f is Dg- continuous,

therefore by Theorem 3.9 of [16], there exists a DB-open
set U in X such that xeU and f(U) < Q. Therefore

f(U cY\C/P) .  This  implies  that
f(U) NCL(P)=¢ . Since every open set is B -open,
therefore  C/ ,(P)cC/(P) . Hence we get

f(U) n Cl,(V)=¢, whichimpliesthat f hasa D,
-closed graph.
Corollary 4.6. If the function f: (X, 7) = (Y,0) has

a Dg-closed graph, then for each (X,Y) € Xx'Y such
that f(X) =Y, then there exits two Dy -open sets U and V
containing x and vy, respectively such that

(Ux Cly, (V) NG(T)= 4.

Proof. Suppose f has a DB-cIosed graph, then for each
(X, ¥) € XxY suchthat f(X) # Y, then there exits Dg
-open sets U and [3 -open set V containing x and vy,
respectively such that (UxC/ ,(V)) N G(f) = ¢. Since
every [ —o0pen set is Dﬁ —open and therefore
C/ D, (V) cCl,(V) , we have
(Ux CEDﬁ V)N Gf)=¢.

Corollary 4.7. The function f :(X, 7) > (Y,0) has a
Dp -closed graph, then for each (X, y) € X x Y such that
f(x) £y , there exits two Dg -open sets U and V

containing x and v,
f(U) n Cly (V)=¢.
Proof. Suppose the function f :(X, 7) = (Y,0) has a
DB -closed graph. By Theorem 4.4 for each
(X,¥) € XxY such that f(X) =Y, there exits a Dp-

open sets U and a [3 -open set V containing x and v,

respectively  such  that
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respectively such that f(U) n C/,(V)=¢ . Since
every P
Clo, (V)< CL,(V)
f (V) mCﬁDﬂ(V):(zﬁ.
Theorem 4.8.

function and has a D 5 -closed graph from a space X onto a

-closed set s DB -closed. i.e.

Hence we get

If f:(X,7) >(Y,o) is a surjective

space Y, thenYis B—T»,.

Proof. Let y, and Y, be any two distinct points in Y. Since
f is subjective, then there exists a point X, € X such that
f(x,)=y, #Y,.Thus (X,,¥,) & G(f).Since f hasa
DB-cIosed graph, then by Theorem 4.4, there exists a DB-
open set U and a [3-open set V containing X, and Y, ,
f(U) N Cl,(V)=¢
f(x,)=y, € f(U) . Thus
X, € CL4(V) , then there exists a [ -open set
Y\CfDﬂ (V) suchthat f(x,)=y, € Y\CED/; V).
Thus V. N Y\C/ (V) =¢.HenceY is B-T».

If f:(X,7) >(Y,o0) is asurjective
function and has a DB-cIosed graph from a space X onto a

respectively  such  that

X, €U implies

Corollary 4.9.

space Y, then Y is Dg —T.

Proof. It follows from the Theorem 4.5 and the Corollary
4.7.

Definition 4.10. A function f:(X, 7) —>(Y,0) has
strongly DB -closed graph if for each
(X,y) e(XxY)\G(T),
there exist U € DgO(X,x) and V € O(Y,y) such that
(U xCI(V)\G(f)=¢.
Remark. Every strongly D, -closed graph is strongly DB'

closed. But the converse is not true. Since it is shown in the
Example 3.4 that the set A ={a, d} is Dg-closed but it is

not D, -closed.

Theorem 4.11. The function f:(X, 7) —>(Y,o) has
strongly DB -closed graph if and only if for each
(X,y) €(XxY) suchthat f(X) # Y, then there exits a
DB—open set U and an open set V containing x and v,

respectively such that f(U)NC/(V)=¢.
Proof. Its proof is similar to the Theorem 4.4.
Corollary 4.12. If the function f :(X, 7) = (Y,0) has

a strongly DB -closed
(X,y) € XxY such that f(X) #Y, then there exits a
DB-open sets U and a [3-open set V containing x and vy,

respectively such that (UxC/ ,(V)) nG(f)=¢

graph, then for each
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Proof. Its proof is similar to the Corollary 4.6.
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