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Abstract: Let F be a 2 and 3-torsion free non-commutative prime ring and I be a nonzero ideal of K. Suppose there exist a symmetric reverse
bi-derivations D4 (.,. ): R X R = R and D, (.,.):R X R —= R such that d4(x)d;(x) = 0, for all x € I, where d4 and d, are
the traces of D4 and D5 respectively. In this case either Iy = 0 or D5 = 0 and K be a 2-torsion free semiprime ring and { be a nonzero
ideal of R. Let D(.,.): R X R — R be a symmetric reverse bi-derivation such that D{I,I) S I. If d is a trace of D such that

D[d[x],xj =0 forallx € I thenD = 0onl.
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l. INTRODUCTION

The concept of a symmetric bi-derivation was introduced by
Gy.Maksa[2, 3]. It was shown in [3] and [6] the symmetric bi-
derivations are related to general solution of some functional
equations. Some results in symmetric bi-derivations in prime
and Semiprime rings can be found in [4, 5, 7]. The notation of
additive commuting mappings are closely connected with the
notation of bi-derivations. Every commuting bi-additive
mapping f: R — R givesrise to a bi-derivation on R. Asma
Ali, V. De Filippis and Faiza Shujat [1] has studied some
results concerning symmetric generalized bi-derivations of
prime and semiprime rings. In this paper, we proved some
results concerning on ideals with symmetric reverse bi-
derivations on prime and Semiprime rings.

Throughout this paper & will be associative. We shall
denote by zZ{R) the center of a ring R. Recall that a ring & is
prime if aRb = (07 implies that either o = 0or b =0 and it
is a semiprime if aRe = (07 implies & = 0.

We shall write [x,»] for xy-yx and use the
identities [xy. z] = [x. z]v + x[v. 2. [x. v=] = [x. v]z + v[x.2]. An
additive map d:R—=R is called derivation if
dixy) = di{x)y + xd(y) , for all & yeR . A mapping
B(...:Rx R—Ris said to be symmetric if B{x.v) = B{y.x7,
for all xyeR . A mapping fiR—=R defined
by fix)=B(x.x), where B{,,.;Rx R—=R iS a symmetric
mapping, is called a trace of B. It is obvious that, in case
B(...:Rx R—R is symmetric mapping which is also bi-
additive (i. e. additive in both arguments) the trace of B
satisfies the relation fix+ ) = fix) + f{v) +28(x.yv), for
all x, v € . We shall use the fact that the trace of a symmetric
bi-additive mapping is an even function. A symmetric bi-
additive mapping D{...:R xR — R is called a symmetric bi-
derivation if D{xy.z) = D{x. z)y + xD(y.z), for all x.yv.zER.
Obviously, in this case also the
relation Dix,yz) = D{x,yvlz+ yD(x.z), for all xyv.zeR. A
symmetric bi-additive mapping D(...:R xR — R is called a

symmetric reverse bi-derivation if
Dixy.z) = D{y.z)x + vDO(x. =), for all . v.z € R. Obviously, in
this case also the relation D{x, yz) = D{x.z)y +=zD(x.v), for
all x,v.z e R. A mapping f:R — R is said to be commuting on
RIif[f(x).x] =0, for all x e R. A mapping f:R — R is said to
be centralizing on R if [f{x).x] eZ(R), for allx e R. Aring R
is said to be n-torsion free if whenever na =0, witha e R,
then a = 0, where = is nonzero integer.

Lemma 1:[5, Lemma 1] Let d: & — R be a derivation, where &
is a prime ring. Suppose that either (i) ad(x) =0, forallx € R
or (ii) d{x)a = 0, for all x € r holds. In both the cases we have
a=00rDr=10.

Lemma 2: Let & be a 2-torsion free non-commutative prime
ring and I be a nonzero ideal of . If D{.,.:R % FE— R be a
symmetric reverse bi-derivation and d be a trace of o such that
dix) =0, forall x e I then D = 0.

Proof: We have dix) =0, forall x £ 1.

1
We replace x by x + v in (1), we get
dix+y) =0

dix) +d(y)+2D(x.) =10

By using (1) in the above equation we get zo{x,y) =0
Since R is 2-torsion free, which implies that,

Dix.yi =0, forall .y 1.

)
We replace y by yr in (2), we get
Dix,yr)=10

Dlx.v)y+rD{x,y) =0
By using (2) in the above equation we get
Dix.r)y=10,forall x,y,eland r € B.

®)
We replace x by x=z in (3), we get
Dlxs.v)y=10

I:Dl[s,?']x +=D(x, ?']:I}' =0
Dis.r)xy +sD{x.riy =0
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By using (3) in the above equation we get

Diz.v)xy =0, forall x,y.eland r € R.

Diz.r)R[x.v] =10, forall x,y.eland r  R.

Since R is prime and non commutative ring, which implies
Di(s,#) =0, forall s,» eR.

Theorem 1: Let # be a 2 and 3-torsion free prime ring.
Suppose there exist a symmetric reverse bi-derivations
o,...hrR®xR—=R and D.(...:Rx*xR—R such that
d,(x)d,(x) = 0, for all x € R, where d, and d, are the traces of

Dy(x, vz dolx) — Dy, y)da () s + dy () v Do (x, 2) —
vy (x)D;(x.2) =0

D, (x.v)(z dyl(x) — dy (x)2) + I:ri,_[x] y— }fri,_[x]:ll.;]:[x,z] =0
Dy Ceyvi[z do(x)] +[dy(x), ¥]D.0x.2) =0, forall x.y.z ER.

D, and D, respectively. In this case either o, = 0 or I, = 0.
Proof: We have d,{x)d,(x) = 0, for all x € R.

(4)

We replace x by x +  in (4), we get

dylx +yids(x+y)=0

(dy(x) +dy(¥) + 2Dy (2 ¥))(do(x) + do(¥) + 2D5(x,3)) = 0
dy(x)d,(x) +dy (x)d, () + 2d, ()0, (o v) + dy (), () +
dy(¥)dz () + 2d,(¥)Dy(x, y) + 2D (x. ¥)dy(x) +

20, (x v)d. (V) + 4D, (. v)D,(x. ) = 0

By using (4) in the above equation we get

dy(x)do(¥) + 2d,(x) Do (x. ) + dy (W) do(x) +2d, () D5 0x 00 +
20y (x v)da(x) + 20y (e vdo () + 40y (2, v )00, = 0
,forall x,y E R. (5)
We replace x by —x in (5), we get

dy(—x)da(v) + 2d, (—x)Do(—x.¥) + dy (y)da(—2x) +

2dy (¥ Do —x,v) + 2Dy (—x v)idy(—x) + 2Dy (—x vd(y) +
4D, (—xy)D(—xy) =10

dy(x)do(y) — 2dy ()05 (x. ) + dy (W) do(x) —2d, (V)0 (x0) —
2D, (x v)do(x) — 20, (x v)do(v) + 4D, (v )0 (x, ) = 0

,forall x, v € R. (6)
By adding (5) and (6) we get

dy(x)d, () + dy(vida(x) + 4D, (x v)D,(x.v) = 0, for all
nYER. ©)
By subtracting (6) from (5) we get

dy(x) Doz, v) +dy (VD50 v) + Dy (e v)daix) +

D, (x.3)d;(y) =0

,forall x, v € R. (8)
We replace x by Zx in (8), we get

dy(2x) Do(22x, ) + dy (W) Do (22 ) + Dy (2%, y)d(2x) +
Dy2xy)d () =10

8y (x) Doz v) + 2dy (V102,00 + 8Dy (v, (x) +
2D0,(xv)d(y) =0

4y (x) Dol v) + dy (V)05 (x,v) + 40 (. v)do (x) +
Dy(x.1)dy(y) =0

,forall x,y ER. 9)
By subtracting (8) from (9), we get

3dy(x) Dol v) + 30y (. v)do(x) =0

dy(x) Doz, v) + Dylxv)d,(x) =0, forall x,v € R.

dy () Dz, v) = =Dy (x y)do(x)

Dy(x.z)d,(x) = —d,(x) D, (x,2),forall x.y.z € R. (12)
We replace ¥ by zy in (10), we get

dy(x) Doz, zy) + Dy(x.zy)d,(x) = 0

dy(x) (Dy(x, ¥)z + ¥D4(x.2)) + (Dy(x.0)z + D, (x.2) )dy(x) =
0

dy(x) Da(x.v)z + dy (x)yD4x. =) + Dy (x vz dolx) +
vDy(x 2)da(x) = 0

By using (11) in the above equation we get
=0 (x, v dy(x) z +dy (x)yDo(x, 2) + Dy (x y)z dalx) —
Vi (x)Dy(x,2) = 0

(12)
We replace in particular £ = d,(x) in (12), we get
Dy () ldy (), do(2)] + [dy(2). ¥] D5 (x.do (x) = 0
[dy(x), ¥]Do(x, do(x)) = 0, forall x,v € B.
13)

Let us assume that I, and D both different from zero. In this case
there exist @ € R such that Dy(m, d-(a)) # 0; otherwise I; would be
zero by theorem 4 in [4]. Since Dy(a. d;(a)) = 0, it follows from
(13) and Lemma 1 that d, (a) € Z(R) (Note that v — [dy{a).¥] is an
inner derivation). That is [dy (&), ¥] = 0

dy(a)y —y ds(a) = 0

dy(a)y = vy dy(a), forally € R.

(14)
Now left multiplication of (4) by ¥ gives us
yd;la)d,(a) =0
By using (14) in the above equation we get
dyla)vdsfa) =0, forall y € R.
(15)

From (15) it follows that either d {a) = 0 or d;(a) =0 by the
primeness of B. But d.(a) cannot be zero since Dy(a. dy(a)) # 0;
hence we have d,(a) = 0.
Now we replace x by @ in (10), we get
dy(a)Dyla. v) + Dy(a.v)d,(a) =0
Dy(a.v)d;(e) =0, forally € R.

(16)
From (16) and Lemma 1 we conclude that D, {&.v) = 0, for all
¥ E R, since d;{a) = 0 (recall that v — D {a.v] is a derivation).
Now we replace ¥ by @ in (7), we get
dy(x)d,(a) + dy(a)d.(x) +4D,(x a)D(x.a) =0
dy(x)d,(a) =0,forallx € R.

a7
We replace x by x + ¥ in (17), we get
dylx +y)ds(a) =10
dy(x)dy(a) + d,()da(e) + 2D, (x.v)d,(a) =0
By using (17) in the above equation we get
2D0y(xv)dy(a) =0
Dy(x,v)d;(e) =0, for all x,y € R, which implies I}y = 0 according
to Lemma 1, since dsi@) =0 . But Iy =0 is contrary to our
assumption. This contradiction completes the proof.
Theorem 2: Let R be a 2 and 3-torsion free semiprime ring. Suppose
there exist a symmetric reverse bi-derivation D(.,. ;R ®x R — R such
that dix) dix) = 0, for all x € R, where d is the trace of I. In this
case D = 0.
Proof: We have dixjd(x) = 0, forall x € R.

(18)
We replace x by x + ¥ in (18), we get
dix+yidix+y)=0

(10) dix) +d0)+ 2D0x)d{x) + d0vi+ 2D{x. )1 =0

dix)dix) +d{x)d(y) + 2d{x) D(x,v) + d{y)d(x) +
di{yid (v) + 2d(y)D0x,v) + 2D(x,v)d(x) + 2D (x v)d(v) +
400, v)D({x,v) =0
By using (18) in the above equation, we get
dix)di(y) + 2d(x)D(x,y) +d()d(x) + 2d0y)D{x, v) +
200, v)d(x) + 2D(x.v)d(y) + 4Dz, yv)D{xv) =0
,forall x,v € R.

(19)
We replace x by —x in (19), we get
d{—x)d(y) + 2d(—x)D(—x.v) +d{y)d(—x) +
2d(y)D(—x, v) + 2D(—x,y)d(—x) + 2D{—x,y)d(y) +
AD(—x,v)D(—x.v) =0
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dix)diy) — 2d(x)D(x,¥) +d(y)d(x) — 2d{y)D{x, v) —
200z, vid (x) — 200,y )d(y) + 4D{x, vID{x. v =0
,forall x,y € R.
(20)
By adding (19) and (20), we get
d(x)d(y) + d(y)d(x) + 4D(x, v)D{x,v) =0, for all z.vER .
(21)
By subtracting (20) from (19), we get
dix) D (x v) + d{y)D{x.v) + D{x.v)d(x) + Dix.yid(y) =0, for
all x,v R, (22)
We replace x by 2x in (22), we get
d(2x) D(2x,¥) +d (VID(2x,v) + D(2x, y)d(2x) +
DExy)id(y)=0

Bd(x) Dix, ¥ + 2d(¥)D(x, ¥) + BD{x, yid(x) +
200, v)d(y) =0

4d(x) DCx, v) + dOy)D(x v) + 4D(x, v)d(x) + Dz, v)d(y) =0
forall x,v € R. (23)
By subtracting (22) from (23), we get

3d{x)D(x. v)+ 3D(x.v)d(x) =0

dix)D(x v)+ Dixv)dix) = 0, forall x,y € R.

(24)
D(x z)dix) = —d{x)D(x.z) and d(x) D (x, v) = —D (x.v)d(x),
forall x.v E R. (25)

We replace ¥ by zy in (24), we get

dix)D{x. zy)+ D(x, zy)d(x) = 0

d(x) (D(x.¥)z +yD(x.2)) + (D(x.¥)z + yD (x.2))d(x) = 0
dix)D(x v)z+ d(x)yD(x 2) + D(x y)z dix) + yD(x.2)d(x) =
0

By using (25) in the above equation, we get
=Dz y)dix)z+ dix)yD(x, =) + D{x v)z dix) —
vd(x)D(x,2) =10

D(x vz dix) — Dx, y)d{x) z + d{x) yDix,z) —
vd(x)D(x.z) =0

D(x yi(z dix) —dix)z) + I::;E x)y — }rd[xj] Dix.z) =0
Dz vz, dix)] + [dx), ¥]D(x.z) =0, forallx,v.z ER.

(26)
We replace in particular = = d{x7 in (26), we get
D (x vildx),d(x)] + [d(x), ]z dix)) =0
[d(x), v]D(x. dix)) =0, forall x,y E R.

@7)

Let us assume that I different from zero. In this case there exist

@ € R such that D{a,d(a)) £ 0. Since D(a.d(a)) = 0, it follows

from (27) and Lemma 1, [d{a).¥] = 0

dig)y —vd(a) =0, forall a.v € R.
(28)

We replace ¥ by xv in (24), we get

dix) Dz xy) + Dz xy)d(x) =0

d(x) (D(x, )% +yd(x) ) + (D(x ¥)x + yd(x) )d(x) = 0

d{x) D {x vix + d(x)yd(x) + Dz yv)xd(x) +yd(x)d(x) =0, for

all z.y € R.

By using (18) and (25) in the above equation, we get

diix)yd(x) + Dx v)xd(x) — D{x.v)d(x)x =0

dix)yd(x) + Dix v)(xdix) — dix)x) =0, forall x.y ER.

By using (28) in the above equation, we get

dix)yd(x) =0, forall x ER.

Since R is semiprime, which implies that dix) = @0, for all x € R.
(29)

We replace x by x + ¥ in (29), we get

dix+y) =0

dix) +d(y)+2D(x.v) =0,forallx e R,

By using (29) in the above equation, we get

D(x,y) =0, forall x,y ER.

Theorem 3: Let R be a 2-torsion free non-commutative prime ring
and I be a nonzero ideal of R. Suppose there exist a symmetric
reverse bi-derivations Dy (., . :R ¥ R = Rand D;{...:R*x R =R
such that d,(x)d,(x) = 0, for all x € I holds, where d, and d, are
the traces of Ity and I} respectively. In this case either D, = 0 or
0. =10
Proof: We have from (13) of Theorem 1,
[dy(x), v1Do (e, do(x)) = 0, forall x.y 1.
We replace ¥ by vz in above equation, we get
[dy(x), vz]Do(x dy(x)) = 0
V[d(x), 2] D5, do (%)) + [dy(x), ¥]2D(x,do(x)) = 0
By using (13) in the above equation, we get
[dy(x), ¥]zD(x. do(x)) = 0, for all x.y.=z €. This implies that
[dy(x), ¥]zRD4(x do(x)) = 0, for all x,y.z €. Primeness of R
yields that either [dy(x).¥]z =10 or Dyix.d,{x)) =0, for all
v,z €L If Dy(x,d5(x)) = 0, for all x € I, then conclusion follows
from by theorem 4 in [4]. Now consider the case when
[di(x).¥]z=0, for all x.y.z €I . Primeness of R yields that
[dyix).v] =0, forall x,y 1.

(30)
We replace x by x + u in (30), we get
[di(x+u).y] =0
[dy(x) +dy(u)+ 20 (xuw)y] =0
[dy(x). ]+ [dy(ud.y] + 2Dy (xu). ¥] = O
By using (30) in the above equation, we get
2[0y(x u),y] =0, forall x.y u e 1.
[Dy(xu),v] =0, forall x,y. u L.

(31)

We replace x by xzz in (31), we get
[0y (xz.u).¥] =0
[Dy(zwx+zDy(xw) . ¥v]=10
[Dyzwxy] +[=D(xw).y] =0
[Dy(z.w). ¥]x + Dy(z. wx.v] + [2.¥]Dy(x.w) +
Z[Dy(x,u),¥v] =0

By using (31) in the above equation, we get
[Dy(zw)[x.v] +[z.¥]Dy(xw) = 0, forall x,y, w2 EL

(32)
We replace ¥ by x in (32), we get
Dy(zu)[x, 2] + [z, x]Dy(x uw) = 0
[z x]Dy(x.u) =0, forall x,u. 2 € 1.

(33)
We replace z by zv in (33), we get
[zv.x]Dy(x.u) =0
[z, x]wDy(xuw) + z[v.x]Dyix.u) =0
By using (33) in the above equation, we get
[z x]vDy(xw) =0, for all x,u, v €. Since R is noncommutative
prime ring, which implies that Dyix,u) =0, for all x,uel.
Application of Lemma 2 gives that I; = 0.
Theorem 4: Let R be a 2-torsion free semiprime ring and I be a
nonzero ideal of B. Let D (... ):R = R — R be a symmetric reverse bi-
derivation such that D{I.I3 1. If d is a trace of I such that
Did{x),x) =0,forallx €I, thenD =0 onl.
Proof: We have D{d{x).x) = 0, forall x £ 1.

(34)
We replace x by x + ¥ in (34), we get
Did{x+y)x+yv)=0
D(d(x) +d(y) +2D(x.y)x+y) =0
D(d(x).x) +D{d(x),v) + D{d(y).x) + D{d(v).y)

+ 200D (x, y),x) +2D(D(x,v).y) =0

By using (34) in the above equation, we get
D{d(x),yv) +D0d(y), ) + 2D(D(x, yv).x) +2D(D(x,v)Ly) =0
forall xz,y € 1. (35)
We replace y by —y in (35), we get
D(d(x), —y) +D{d({—y), 2) + 2D(D(x, —y).x) +
2D(D(x.,—y).—y) =0
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—D{d(x),y) +D{d(y). x) — 2D00D(x, v).x) + 2D(D(x,¥)¥) =
0

,forall x,v € 1. (36)

By adding (35) and (36), we get
2D(d(y).x) + 4D(D(x.v).y) =0
D(d(y).x) +2D(D{x.v).v) =0, forall x,y € I.

@)

We replace x by zx in (37), we get

D(d(y)zx) + 200D (zx,v).y) =0

D{d(y).zx) + 2D({D{x.v)z +xD{z.y).y) =0
D{di{y).zx) + 2D(D{x. vz ¥v) + 2D(xD(z,y).¥y) =0
D{d(y)x)z +xD{d(¥).z) + 2D (=)D (x v) +

22000 {x, y).v) + 2D(D(z. v).¥)x + 2D{z.y)D(x. ) =0

D{d(y).x)z +xD{d{(y).z) + 2zD(D(x,¥).yv) +
20Dz Vs + 4Dy Dz y) =0
forall x, v,z 1.

(38)
We multiply (37) by z on left hand side, we get
DA (y)x) + 2zD(D(x,v).v) =0, forall x.y.z € 1.

(39)
Subtract (39) from (38), we get
[D{d{y) x), 2] +xD{d(v).2) + 2D (D(z, ¥ )x +
4D(z, yID(x,y) =10
forall z,y.z el (40)
We replace x by = in (37), we get
D(d(y).z) + 2D(D(z.y)y) =0, forall x,z 1.

(41)
By multiplying (41) by xon right hand side, we get
D{d(y).z)x +2D0(D(z. v).y)x =0, forall x,y.z € I.

(42)
Subtract (42) from (40), we get
[D(d{y) x), 2] + [x. D{d{y).2)] +4D(z.viDix. v =0
[D{d{y). =) 2] — [ D(d(yv).2). x] + 4D(z. v)D{x, v) = 0, for all
nLy.zel 43)
We replace x by z and z by x in (43), we get

[D{d{y) z)x] —[ DAy ), 2] + 4D(x, v)D(z. v) = 0, for all
xy.2EIL (44)
By adding (43) and (44), we get

400z, v)D(x, v) + 4D{x,yv)D(zy) =0

Since R is 2-torsion free, we have

Dz D)+ Dixyv)Dizy)=0forall x,y,z €I

(45)

We replace = by x and ¥ by x in (45), we get
D{xx)D(x.x) +Di{x.x)D{xyv) =10
dix)dix) +dixdi{x) =0

2alx)dix) =0

dix)dix) =0, forallx 1.

Hence theorem 2 completes the proof.
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