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ABSTRACTGraph Theory is one of the most flourishing branches of modern Mathematics finding widest applications in all most all branches
of Science & Technology. It is applied in diverse areas such as social sciences, linguistics, physical sciences, communication engineering etc.
Number Theory is one of the oldest branches of Mathematics, which inherited rich contributions from almost all greatest mathematicians,
ancient and modern. Every branch of Mathematics employs some notion of a product that enables the combination or decomposition of its
elemental structures. Product of graphs are introduced in graph theory very recently and developing rapidly. In this paper, we consider direct
product graphs of Cayley graphs with Arithmetic graphs and present independent dominating set of these graphs.
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1. INTRODUCTION

‘Domination in graphs’ is the fast growing area in Graph
Theory that has emerged rapidly in the last four decades.
Domination in graphs has applications to several fields such
as facility location problems, School Bus Routing,
Computer Communication Networks, Radio Stations,
Locating Radar Stations Problem etc., Number Theory is
one of the oldest branches of mathematics, which inherited
rich contributions from almost all great mathematicians,
ancient and modern. Nathanson [1] was the pioneer in
introducing the concepts of Number Theory, particularly,
the ,,Theory of Congruence$ in Graph Theory, and paved
the way for the emergence of a new class of graphs, namely
“Arithmetic Graphs”. Cayley Graphs are another class of
graphs associated with elements of a group. If this group is
associated with some Arithmetic function then the Cayley
graph becomes an Arithmetic graph. The Cayley graph
associated with Euler totient function is called an Euler
totient Cayley graph. Products are often viewed as a
convenient language with which one can describe structures,
but they are increasingly being applied in more substantial
ways. Computer Science is one of the many fields in which
graph products are becoming common place.

Now we present necessary definitions, observations
and some useful results that we need for next sections.

Dominating set

A subset D of V(G) is said to be a dominating set
of G ifevery vertex in V — D is adjacent to a vertex in D.

The minimum cardinality of a dominating set is
called the domination number of G and is denoted by y(G).

Independent dominating set

A dominating set D in which no two vertices
are adjacent is called anindependent dominating set of G.

The induced subgraph (D) is a null graph if D is an
independent dominating set.

The minimum cardinality of an independent dominating set
of G is called the independent domination number of
G and is denoted by y;(G).

Euler Totient Cayley Graph G(Z,,, ) and its Properties

Madhavi [2] introduced the concept of Euler totient
Cayley graphs and studied some of its properties. She
gave methods of enumeration of disjoint Hamilton cycles
and triangles in these graphs.

For any positive integer n, let Z,, = {0,1,2, .....n — 1}.
Then (Z,, ®), where, @ is addition modulo n, is an abelian
group of order n. The number of positive integers less than
n and relatively prime to n is denoted by ¢ (n) and is
called Euler totient function.

Let S denote the set of all positive integers less than n and
relatively primeto n.ThatisS = {r/1<r<
7 and GCD 7,7 =1. Then S=gpn.

Now we define Euler totient Cayley graph as follows.

For each positive integer n , let Z,, be the additive group of
integers modulo n and let S be the set of all integers less
than n and relatively prime to n. The Euler totient Cayley
graph G(Z,, ) is defined as the graph whose vertex
setV is given by Z, ={0,1,2,...n— 1} and the edge
setis E = {(x,y)/x—y €S or y—xeS}kL

Clearly as proved in [2], the Euler totient Cayley graph
G(Z,, p)is

1. a connected, simple and
undirected graph,

©ijarcs.info, 2015-19, all rights reserved

83

CONFERENCE PAPER
National Conference dated 27-28 July 2017 on
Recent Advances in Graph Theory and its Applications (NCRAGTA2017)
Organized by Dept of Applied Mathematics
Sri Padmawati Mahila Vishvavidyalayam (Women'’s University) Tirupati, A.P.,



S.Uma Maheswari et al, International Journal of Advanced Research in Computer Science, 8 (6), July 2017 (Special Issue 111),83-87

2. @ (n) - regular and has
2™ edges
2 1
3. Hamiltonian,
4. Eulerian for n > 3,
5. bipartite if niseven and

Theorem 1.1: If n is a prime, then the independent
domination number of G(Z,,, @) is 1.

Theorem 1.2: The independent domination number of
G(Z,,@)is2,if n= 2pwhere pis

an odd prime.

Theorem 1.3: Suppose n is neither a prime nor 2p. Let
— %102 Ak

n=p; 'Py° ..., where

D1, D2, - D are primes and a,, a,, ... @, are integers >

1, then the independent domination number of G(Z,,, ¢)

is —.
Pk

Arithmetic V,, graph

Vasumathi and Vangipuram [4] introduced the concept of
Arithmetic V, graphs and studied some of its properties.

Let n be a positive integer such thatn = p;*py? ........ pp~.
Then the Arithmetic 17, graph is defined as the graph whose
vertex set consists of the divisors of n and two vertices

Theorem 1.4: If n=p/*py? ........p*, where py, p, ,
... Dy are primes and a;, a,, ....a; are integers > 1, then
the domination number of G(1,) is given by

r(G0R) =
{k -1 if a; =1 for more than one i

k Otherwise.
where k is the core of n.

Direct Product Graph G4 X G,

In the literature, the direct product is also called as
the tensor product, categorical product, cardinal product,
relational product, Kronecker product, weak direct product,
or conjunction. As an operation on binary relations, the
tensor product was introduced by Alfred North Whitehead
and Bertrand Russell in their Principia Mathematica[5]. It is
also equivalent to the Kronecker product of the adjacency
matrices of the graphs given by Weichsel [6].

If a graph can be represented as a direct product,
then there may be multiple different representations (direct
2. RESULTS

Let G, be an Euler Totient Cayley graph and G, be
an Arithmetic V,, graph. Then G, and G, are simple graphs
as they have no loops and multiple edges. Hence by the
definition of adjacency in direct product, G; X G, is also a
simple graph.

Now we investigate results related to independent
domination number of Direct product graphs of Euler totient
Cayley graphs and Arithmetic 1, graphs.

Theorem 2.1: If n is a prime, then the independent
domination number of G; X G, is n.

Proof: Letn be a prime. Then G, X G, is a completely
disconnected graph. So there are no edges between these n
vertices and its dominating set consists of n isolated

6. complete graph ifn is a
prime.

The independent domination number of these
graphs are studied by the authors [3] and the following
results are required and they are presented without proofs.
u, v are adjacent inV;, graph if and only if GCD (u,v) =
p;, for some prime divisor p; of n.

In this graph vertex 1 becomes an isolated vertex. Hence we
consider Arithmetic graph 15,  without vertex 1 as the
contribution of this isolated vertex is nothing when the
properties of these graphs and enumeration of some
domination parameters are studied.

Clearly, V,, graph is aconnected graph. Because when n
is a prime, V,, graph consists of a single vertex. Hence it is
a connected graph. In other cases, by the definition of
adjacency in V,, there exist edges between prime number
vertices and their prime power vertices and also to their
prime product vertices. Therefore each vertex of 1, is
connected to some vertex in 17,.

The independent domination number of these graphs are
obtained by the authors and the proof of the following
theorem can be found in [3].

products do not satisfy unique factorization) but each
representation has the same number of irreducible factors.
Wilfried Imrich [7] gives a polynomial time algorithm for
recognizing tensor product graphs and finding a
factorization of any such graph.

Let G, and G, be two simple graphs with their
vertex sets as Vi = {uyg, up, .,y } and
Vo, = {vy, vy,..., 05, } respectively. Then the direct
product of these two graphs denoted by G; X G, is
defined to be a graph with vertex set V; x V,, where
V; X V, is the Cartesian product of the sets V; and V,
such that any two distinct vertices (uy,v;) and (u,,v,)
of G; X G, are adjacent if wu,u, is an edge of G, and
vV, isanedge of G,.

The cross symbol X, shows visually the two edges
resulting from the direct product of two edges.

vertices and these n isolated vertices form a minimum
independent dominating set. Hence independent domination
number of G; X G, is n. m

Theorem 2.2: If n= p/*p,? .......p,~, where a; > 1,

then the independent domination number of G, X G, is
Yi(Gy X G;) = :—k - Vel

Proof: LetV, ,V,and V denote the vertex sets of the
graphs G, , G, and G, X G, respectively.

By Theorem 1.3 in [3], it is clear that the elements of the set
V; can be divided into disjoint sets D; = {r. pet+i/r=
0,12, ..., npk—1for 1</ < p#, such that each D7is an
independent dominating set of G; with minimum cardinality
n

Pk
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In particular, let D, ={O, Pis» 2Dk woe oo ,
npk—1 pk be an independent dominating set of &7 with
minimum cardinality vlk'

Let V, ={vy, vy ..., v, } be the vertex set of
G, andconsider D; X V, inG; X G, as

Dl’ = Dl X Vz
= {0, pk,Zpk, ...... ,(;—k—l) pk} X
{v1, va e o vy }
{ (0, v), 0, vy), e (0,19),

( Pk 171),

1pk,vg}

Let x,y €D;. Then x= (mpg,v;) and y=
(Ipx,vj) form =1, i #j. Now x is not adjacent to y
because vertex mp, is not adjacent to vertex np, as
GCD(mpy, — lp,, n) = ((m — Dpy,n) # 1. This shows that
no two vertices in D; are adjacent. So, D; becomes an
independent set of G; X G, .

3. ILLUSTRATIONS

(Pr> V2), e (Do),

Next we prove that D] is a dominating set.

Let (u,v) be any vertex of V —D; in G; X G,.
Then u is adjacent to at least one sp,, 0 < s < pﬁ —1,in
k

D;, as D, is a dominating set of G;. Now suppose Vv is
adjacent to some vertex v; in V,. (Certainly there exists
such a vertex inV, asV, has no isolated vertices). Then
vertex (u, v) is adjacent to vertex (spy,v;). Hence every
vertex (u,v) of V— D] in G, X G, is adjacent to at least
one vertex in D;. Thus D; becomes a dominating set of
G, X G,.

We now prove that D] is minimum.

Suppose we remove a vertex say (rpy,v;) from
D;. Then the deleted vertex (rp,,v;) is not dominated by
any other vertex (spy,v;) of D, because for 0 <s <

vlk —1, GCD (rpy — spe,n) # 1. This contradicts that

D; is a dominating set of G; X G,. Hence D; becomes an
independent dominating set with minimum cardinality. We
cannot get any other independent dominating set with less
number of vertices than this, because of the properties of
prime numbers.

Hence ¥i(Gy X G;) = ID{l = -~ |V;|. w

Forn=6

._.. “

we

Figure 1
G1=G(Zq, )

6% °3

Figure 2
G, =G(Ve)
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Gy %X G,
Minimum Independent Dominating set: {(0,2), (0,3), (0,6), (3,2), (3,3), (3,6)}
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Figure 6
G1 X G,
Minimum Independent Dominating set: {(0,2), (0,4), (0,8), (2,2), (2,4), (2,8), (4,2), (4,4), (4,8), (6,2), (6,4), (6,8)}
Forn=11
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Figure 9
Gy X Gy

Minimum Independent Dominating set: Vertex set of G; X G,

CONCLUSION

Graph Theory is young but rapidly maturing subject. Its
basic concepts are simple and can be used to express
problems from many different subjects. The purpose of this
work is to familiarize the reader with the direct product
graph of Euler Totient Cayley graph
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