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Abstract: A labeling on a Graph G which can be gracefully numbered is called a graceful labeling. If a fuzzy graph G admits a graceful labeling
and if all the vertex labelings are distinct then G is called a fuzzy vertex graceful graph. In this paper, we discussed fuzzy vertex graceful
labeling on Helm graph, Closed Helm graph, Bistar graph, B(m,n) graph and Star friendship graph SF(n,m).
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1.INTRODUCTION

In 20th century, remarkable development had happened in
mathematical modeling for uncertainty which was introduced
by Lofti.A.Zadeh in 1965[13] called fuzzy sets. The
applications of fuzzy sets in the field of cluster analysis,
neutral networks etc were discussed by zimermann [12].
Zadeh [13] had developed the fuzzy relations on fuzzy sets
which had better feature in making fuzzy graph model. In
1975, Rosenfeld [9] discussed the concept of fuzzy graphs
whose basic idea was introduced by Kauffmann [3] in 1973.
The fuzzy relations between fuzzy sets were also considered
by Rosenfeld and he developed the structure of fuzzy graphs,
obtaining analogs of several graph theoretical concepts.
Bhattacharya gave some remarks on fuzzy graphs.

Many results on fuzzy graphs were proved by
J.N.Moderson, K.R.Bhutani, A.Rosenfield, S.Mathew and
M.Sunitha  [5,2,9,4]. A.Nagoorgani, D.Rajalakshmi(a)
Subhasini, introduced fuzzy graph labeling and studied such as
graceful labeling, vertex graceful labeling in some special
graphs, etc. S.Vimala and R.Jebesty Shajila has studied the
edge vertex graceful labeling [11].

Already we published papers on fuzzy vertex graceful
labeling on Double Fan graph and Double wheel graph [1].
This note is a further contribution on fuzzy graceful labeling.
In this paper we discussed fuzzy vertex graceful labeling on
some more special graphs.

In this paper, the basic definitions were followed as in
[5].

2. PRELIMINARIES AND OBSERVATIONS:

Definition 2.1[5]
Let U and V be two non-empty sets. Then o is said to be a

fuzzy relation from U into V if p is a fuzzy set of UxV.

Definition 2.2[5]

A fuzzy graph GI(O',,u) is a pair of functions
o:V —>[0]1] and

,  where for all wu,
uu,v)<ou)Ao(v).

v € V, we have

Definition 2.3[5]
A labeling of a graph is an assignment of values to
the vertices and edges of a graph.

Definition 2.4[5]

A graph G= (o, u) admits fuzzy labeling if the
mapping o :V —[01] and w:VxV —[0]1] are
bijection such that the membership value of edges and
vertices are distinct and u(U,v) <o(U) Ao(v) for all
uvevV.

Definition 2.5[5]

Let G=(p,q) be a simple, finite, connected, undirected
graph. A Graceful labeling of a graph G with g edges is an
injection f:V(G) — {0,1,2,...q} such that when each edge

xy € E(G) is assigned with the label |f(X) - f(y)|, and all
of the edge labels are distinct.

Definition 2.6[11]

A fuzzy labeling in which all the vertex values are
distinct is called graceful fuzzy labeling. A fuzzy graph which
admits fuzzy labeling is called fuzzy graceful graph.

3.MAIN RESULTS:

Definition 3.1[11]

The Helm graph H, is a graph obtained from a wheel
graph by attaching a pendent edges at each vertex of the n-
cycle. In a fuzzy labeling on Helm graph, if all edge vertex
values are distinct then it is called fuzzy graceful labeling
Helm graph.

Theorem 3.2
For n>3, the Helm graph H, admits fuzzy edge-vertex
graceful labeling.

Proof:

A Helm graph H, is a graph with n vertices only if
n>3. Here, v is the central vertex and u; denotes the vertices in
the outer cycle and the pendent vertices.
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A Helm graph is a Fuzzy Helm graph [E‘:) consists
of two vertex sets U and V with [U] = 1 and [V'| = 1 such
that (v, u;) = 0plu,;,u,54) = Oand
p(ity g Uysp) = O0for 1<i<n
If the fuzzy Helm graph is vertex graceful, then
plu,uq,) =1 X002 forl<i<n
plu,u,,,) = (n+ 1) x0.02 forl<i<n
Fr(t’ruHij = ﬂ‘(ui!ui+ij + I—L(E?;Hg] forl<i<n.
and also, o (u;) = o(v) — p(v,u;)

o(;en) = ol(uy) — plu,u,.) forl<i<n.

Example 3.3
Consider the fuzzy Helm graph [f?;) Here n=4

432
When & (1?] starts from — 5

1

Here, o: v — [0,1] and o:u; — [0,1]

uz®0.31 us 0.49
06 <10

U

Figure (1) Fuzzy Helm graph (H’;)

In this figure, for the outer cycle,
plug,u,)=1x0.02=0.02

plu,,ug) =2 x0.02 =0.04
plug,u,) =3 x0.02=0.06

pluguy)=4x0.02=0.08
For the pendent vertices,

plug,us)=5x0.02=0.10

plug,us) =6x0.02=0.12

plugu,) =7x0.02=0.14
ulugug) =8x0.02=0.16
Also, Let us take
p(v,uy) = 0.01, then
p(v,uy) = 0.03 = p(v,uy) + pluy,u,)
plv,ug) = 0.07 = p(v,u,) + pulus, uy)
plv,uy) = 043 = p(v,ug) + pulugu,)

By using the above membership functions, we have
defined the membership values of the vertices.

For the outer cycle,
o(uy) =059 = o(v) — (v, u,)

ag(u,) =057 =o(v) —p(v,u,)

o(uy) =053 =o(v) —p(v,uz)

o(uy) =047 =o(v) — (v, uy)
For the pendent vertices,

o(ug) = 049 = o(uy) — p(uy,ug)
o(ug) =045 =o(u,;) — p(uy ug)

o(u;) =039 =o(u;) — pu(us u;)

o(ug) = 0.31 = oluy) — pulu, ug)
Since all the membership values of the edges

are greater than zero and
wlu,v) = a(u) A o(v)
In the similar way, for any value of
g: v —+ [0,1], the labeling of all vertices in the
outer cycle and the pendent vertices 1¢; "sare
distinct when 1 = i = n,
Therefore, this Helm graph admits fuzzy

edge-vertex graceful labeling.

Definition 3.4
The closed Helm graph CH_, is the graph

obtained from a Helm graph H,, by joining each
pendent vertex to form a cycle. It contains three types
of vertices, an apex of degree n, n vertices of degree 4
and n vertices of degree 3.

If the closed Helm graph admits fuzzy

labeling then it is called as a fuzzy closed Helm graph
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and it is denoted by Crﬁn and if all the vertex values

are distinct then Crﬁn admits fuzzy vertex graceful

labeling.

Proposition 3.5
The closed Helm graph CH, admits fuzzy

graceful labeling in71 = 3.
Proof

The Fuzzy membership functions defined in
fuzzy Helm graph is the same as the membership
function of fuzzy closed Helm graph. In addition for
the outer cycle
H(Upsir Upgin)

=0 (Upsq)

—0(Upsisq), mZ 3,
1=i<n.

Definition 3.6

The Bistar graph B,,,,, is the graph obtained
from K5 by joining m pendent edges to one end and n
pendent edges to the other end of K.

B, .. admits

fuzzy labeling if all the vertex(edge) values are

——

distinct. Then the graph B, , fuzzy vertex(edge)

graceful labeling .

Theorem 3.7

Proof:

©ijarcs.info, 2015-19, all rights reserve

——

Al fuzzy Bistar graph B, . admits graceful
labeling.

Let B, bea fuzzy Bistar graph consists of the

vertex sets {u, v, u,v; /1< i<m, 1<j <n}

with Ju,| = 1,

v;| > 1 where u; and v; are the
pendent vertices such that p(w, 1) = 0,
plw,u,,) =0, p(v,v,) >0 and
plu,ug,) =0 forl<i<=m
-”'(”jr 1";‘+1) =0
Let o(17)e[0,1] and o (1) €[0,1] then

forl<j<mn.

i

p,(u,ui:]=ﬁ for 1=i<m

p[v,v}-) = ﬁ fori=m+1,m+

2, andl1<j=<n

o(u)=c(u) —pluu) forisi=m
o(v;) =o(w) —p(v,v;) for1<j<nm
and

pluv) = lo(u) —a(v)l.

If the number of pendent vertices is m+n then the

number of edges is m+n+1.

If the number of pendent vertices is m+n then

tn4l
o (u] starts from ml;D and @ (1?] starts from
Zim+n+1)
100 ’
Example 3.8

Edge-vertex graceful labeling of fuzzy Bistar graph

34,5

0.05u Vi 0.15

0.08u 2 0.14

- - #v:0.13
0.07 Ui/

va 0.12

0.06 us 5 0.11

Figure (2) Fuzzy Bistar graph B_.ZE (m<n)
In this figure, m=4, n=5

In this case m+n=9.

1
Therefore o (1) starts from 5 and a(v) starts from

-
=

10

1
plu,ug) = op = 001

pulu,u,) =0.02
plu,u,) = 0.04

plu,ug) = 0.03,

5 —
pulv,vy) = o5 = 0.05, p(v,v,) = 0.06,

plv,v5) =007, p(v,v,) =008
Then

1

o(uy) = o(w) — plu,u,) = - 001 =
0.09

Similarly

J(uzj = G'GS! J(ugj = ﬂ-ﬂ?, Cl'(']'_,t.q_:] =
0.06
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al(vy) =al(v) —plv,vy) = 12_[:- —0.05=0.15
o(v,) =0.14, o(vy) =0.13,

olv,) =012, o(v) =011

and pluv) = |lo(u) —o(v)| = 0.10

Since the membership functions of edges are all

distinct in _u,(u,ui] and Ju(v,v-) as well as
pulu,u,) < olw) noly), i=1tom and

ﬂ[?.?,?.?j) < g(v) hcr(vj), j=1ton

Since all the membership values of the vertices are
distinct, this Bistar graph admits fuzzy edge-vertex
graceful labeling.

llustration 3.9

Edge-vertex graceful labeling of fuzzy Bistar graph

Bs .4

[

0.09u

Y1.0.14
0.08 u , 0.13
0.07 u;‘/ u0.1 0.10 0.2v w01
0.06 ul
Vs 0.11

0.05us
Figure (3) Fuzzy Bistar graph &5 4 (m>n)
Illustration 3.10

Edge-vertex graceful labeling of fuzzy Bistar graph

Bss

[

0.10u Vi 0.16

0.09u 2 0.15
L v
0.08u ,./ 0.11 0.22 P
0.07 ux
vs0.13
0.06us Vs 0.12

Figure (4) Fuzzy Bistar graph B;E (m=n)

Note 3.11

The membership functions defined in
illustrations 3.8,3.9 and 3.10 represent Bistar graphs
which exist if

m < n,m > nand m = n respectively.

Definition 3.12

The Bistar graph Efnm is the graph
obtained from K by joining m pendent edges to one
end and n pendent edges to the other end of K5 and
also joining all the vertices between i, 17, and
U, Uy, In Bﬁ,m , note that each 2; and 7;(i=1 to m,

j=1to n) are adjacent to both u and v. Moreover u and

v are adjacent vertices.

sznm admits fuzzy labeling if all the vertex values

are distinct. Then the fuzzy graph Er%!m admits

vertex graceful labeling.

Proposition 3.13

The graph B,%!m admits fuzzy vertex

graceful labeling.

Proof:

Let sznm be a fuzzy Bistar graph consists of

the vertex sets

{u,v,uz-,vj /l=i=m,1 Ejin}with

lu;| = 1, 1{,-| = 1 such that u{v, u) = 0,

plu,u,y,) =0, u(v,v,) =0 and
wlu,v,) =0 and plv,u,,) = 0.

Let o () €[0,1] and & (1) €[0,1] then
the fuzzy membership functions are defined as
follows: )

L .

) =— =1 =

plu,u,) o for 1<i<=m

,u,(v,vj)=m—+j for 1=j<n

100
ulv,u;) = m:;: for 1=i<m
Zm+n+j .
= = 7 =
Ju,(u, vj) o0 for 1=j=n

o(u,) =olu) —ulu,u) for 1 <i <
m

o(v;) =0 —p(v,v;) for1=sjs=
n
and

pluv) = lo(uw) — a(v).
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3(m+n)
Here, (u]' starts from

4(m+mn)
100

and EF[’L?) starts

from . Then B,%m will be the fuzzy

graceful Bistar graph.

Ilustration 3.14

Vertex Graceful labeling of fuzzy Bistar graph

Figure (5) Fuzzy Bistar graph EEE
In the above graph, all the membership
values of the edges are greater than zero and
plu,u;) < o(w) ro(u,), i=1tom
(v, vj) < al(v) hﬂ'(l?j), j=1ton

Since all the membership values of the

vertices are distinct, this fuzzy Bistar graph

E:‘j admits fuzzy vertex graceful labeling.

Definition 3.15

A SF(n,m) is a star friendship graph consists

of acycle Cy, (11 = 3) and n sets of m independent
vertices where each set joins each of the vertices of
C,.

The graph SF(n,m) admits fuzzy labeling if
all the vertex(edge) values are distinct. Then the
fuzzy graph S F(n, m) admits vertex(edge)

graceful labeling.

Theorem 3.16
The graph SF (3, 1) admits fuzzy edge-

vertex graceful labeling if 1 = 2.

Proof:

Let Uy, ;, Wy, be the vertices on the cycle

SF(3, m)and u,v,w be the vertices joining

Uy, V;, Wy,. That is, the vertex set of SF (3,m) is

the set
fu/t=i=sm}u{y/l1<j=m}u
w,/1<=k=m}u{uv,w}

The edge set is the set
fwu/rt<i=miufvv/i<j<

m}u {fw,w,/1<k<m}U
fuv, vw, wu}

Here, the number of edges is 3(1+m).

In this graph,

p(u,ug) =0, pu(v,v;) = 0, p(w, wy) =0
for 1=, ,k=m

and (g, Uz 1) = 0, #(”jr”jﬂ) =0,

wlwy,wy, 1) =0 for 1<1i,jk<m.
Let o(w), a(v), a(w)el0,1], then the

fuzzy membership values are defined as follows:

plu,u;) =1 x0.01
p,(v,vj) = (m+J) x 0.01

plwwy) =2m+(n—1) + kI x
0.01
foril<ijk=<=mandn=3

pluv) = |lo(uw) — a(v)l
pulow) = |lo(v) — a(w)|

plwu) = lo(w) — o(u)l

and let us take,

I:F[u:]':m+n+(i-1) for i=1,m=2 and i=2,m=3 and
i=3,m=4 and so on.

g(v)=20(w) and o(w)=3(m+n)+3i-2,
i=1,2,3...

Then o (14 )= o(u)- plu, uy)
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ﬂ'[’uz:}= J[uz)- e uz) and so on.

Ilustration 3.17

Edge-vertex labeling on Fuzzy Star Friendship

graph SF(3,4)

0.08 use

0.07 uz ¥

0.05 %, vy 0.10

Figure (6) Fuzzy SF(n,m) graph Sﬁ‘l*)

In the above graph, all the membership values of the

edges are distinct and greater than zero and
plu,uy) < o(uw) nolu;),
u(v,v;) < o) no(v;) and

ulw, wy,) < a(w)a(wy,)

Since all the membership values of the vertices are

distinct, this graph SF(3,4) admits edge-vertex

graceful labeling.

Note: 3.18

0] The above result will be true for all 11 = 3.

(i) If n is unknown, then the number of edges is

n(1+m).

4. CONCLUSION

In this paper, the concept of fuzzy edge-vertex graceful
labeling on fuzzy Helm graph, fuzzy Bistar graph and fuzzy
star friendship graph have been discussed. The fuzzy vertex

graceful labeling on fuzzy Closed Helm graph and B,%m have

also been investigated. The extension of this study on some
more special classes of graphs is under progress.
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