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Abstract: This paper is concerned with steady-state as well as transient thermoelastic problem in which we need to determine the temperature
distribution, displacement function and thermal stresses of a thin rectangular plate when the boundary conditions are known. Integral transform

techniques are used to obtain the solution of the problem.
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INTRODUCTION

Adams et al. [1] studied thermoelastic vibrations of a
laminated rectangular plate subjected to a thermal shock.
Boley et al. [2] developed theory of thermal stresses.
Carslaw et al. [3] studied conduction of heat in solids.
Dhaliwal et al. [4] discussed generalized thermo elasticity
for an isotropic media Ghume et al. [5] discussed deflection
of a thick rectangular plate. Green et al. [6] studied Thermo
elasticity of different objects. Grysa and Kozlowski [7, 8]
studied one dimensional problems of temperature and heat
flux determination at the surfaces of a thermoelastic slab.
Hetnarski et al. [9] discussed generalized thermo elasticity:
closed-form solutions. Ishihara et al. [10] discussed
Theoretical analysis of thermoelastic plastic deformation of
a circular plate due to partially distributed heat supply.
Jadhav et al. [11] studied an inverse thermoelastic problem
of a thin finite rectangular plate due to internal heat source.
Khobragade et al. [12] discussed thermal deflection of a
thick clamped rectangular plate. Khobragade et al. [13]
studied an inverse unsteady-state thermoelastic problem of
a thin rectangular plate. Lamba et al. [14] discussed
thermoelastic problem of a thin rectangular plate due to
partially distributed heat supply. Lekhnitskii et al. [15]
studied theory of elasticity of an anisotropic body. Noda et
al. [16] studied an inverse transient thermoelastic problem
for a transversely isotropic body. Noda et al. [17] have
written a book on thermal stresses. Noda et al Ishihara [18]
discussed Theoretical analysis of thermoelastic-plastic
deformation of a circular plate due to a partially distributed
heat supply. Nowacki [19] studied thermo elasticity on
different objects. Ozisik [20] discussed boundary value
problems of heat conduction.

Recently Patil et al. [21] studied direct thermoelastic
problem of heat conduction with internal heat generation
and partially distributed heat supply in rectangular plate.
Roy et al. [22] discussed thermal stresses of a semi infinite
rectangular beam. Roy et al. [23] studied transient
thermoelastic problem of an infinite rectangular slab.
Roychoudhary [24] discussed thermoelastic vibrations of a
simply supported rectangular plate produced by temperature
prescribed on the faces. Sabherwal [25] studied an inverse
problem of transient heat conduction. Sharma; Sharma and
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Sharma [26] discussed behavior of thermoelastic thick plate
under lateral loads. Sneddon [27] has written a book on the
use of integral transform. Sokolnikoff [28] developed
Mathematical theory of elasticity. Sugano et al. [29] studied
three-dimensional analysis of transient thermal stresses in a
non homogenous plate. Sutar et al. [30] discussed an inverse
thermoelastic problem of heat conduction with internal heat
generation for the rectangular plate. Tanigawa et al. [31]
studied thermal stress analysis of a rectangular plate and its
thermal stress intensity factor for compressive stress field.
Tanigawa et al. [32] discussed optimization of material
composition to minimize thermal stresses in non
homogeneous plate subjected to unsteady heat supply.
Wankhede [33] studied the quasi- static thermal stresses in a
circular plate.

In this paper, an attempt is made to determine the
temperature distribution, displacement function and thermal
stresses at any point of the plate occupying the space D:

ra<x<a-b<y<b-h<z<h) with the known boundary
conditions. Finite Marchi-Fasulo transform technique is
used to find the solution of the problem.

STATEMENT OF THE PROBLEM-I

Consider a thin rectangular plate occupying the space
D: -a<x<a-b<y<b-h<z<h .The  displacement
components uy U, and u, in the x, y and z directions
respectively as Tanigawa et al. [31] are
al 2 2 2
T e _vggjm}dx

LELoy z x (2.1)

b[ 2 2 2
u :I i 8L21+6L;I_V8L2J + AT [dy
_b_E oz 15)4 oy

2.2)

h 2 2 2
. fiagﬁg_vagjm}dz
S ELox? oy oz 23)

where E, v, and A are the young’s modulus, Poisson’s ratio
and the linear coefficient of the thermal expansion of the
material of the beam respectively and U (X,y,z) is the Airy’s
stress functions which satisfy the differential equation as
Tanigawa et al. [31] is
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& & Y i, @
{+2 ] u(x,y, z)_—AE[ +ij(x Y,2)
where T(x,y,z) denotes the temperature of a rectangular
beam satisfy the following differential equation as Tanigawa
etal. [31] is

2 2 2
OX oy oz k (25)
where k is the thermal conductivity of the material, subject
to the boundary conditions:

oT(X,Y,2)
VY, K| ——= = f.(y,
T(xy.2)+ [ .~ } (v.2) 26
Tyt TEID| ()
X e 2.7)
oT(X,Y,2)
T(X,Y,2)+k, } = f,(X,2)
{ ¥ e (2.8)
{T(x,y,z)+k4m—(x‘y’z)} =f,(x,2)
o y=b (2.9)
[T (x, Y, Z)]z:fh = fs(X’ y,t) (2.10)
[T (x,y, Z)]z:h = fe (X, y,1) (2.11)

The stress components in terms of U(X, vy, z, t) as Tanigawa
etal. [31] are given by

[o°U o
N [PV
(2.12)
o - o azu}
W | Ag2
| 0z ox? (2.13)
IGESIGEY
O, = 6X2 —+ ayz
L (2.14)

Equations (2.1) to (2.14) constitute the mathematical
formulation of the problem under consideration.

SOLUTION OF THE PROBLEM

By applying Marchi-Fasulo transform defined in [12] w.r.to
x and y successively , we get

T =
o |—HT =y
(62 ] 3.1)

where, £4 = (’?’i + '“fi)
| Pn(a) f2 _ Pn(_a) f1+ Qm(b) f4 _Qm(_b) f3 +g

k, K, K, K, k
Equation (3.1) is a second order differential equation whose
solution is given by

T=Ae“"+Be 7 +I1 (3.2)
Pl=— v =I1

where, D" -

Using equations (2.10 ) and (2.11 ) in equation (3.2) we get
Msmh w(z—h)+ Msmh u(z+h)
sinh(2h) sinh(2h)

33)

Further applying inversion of Marchi-Fasulo transform to
the equation (3.3) one obtains the expression for temperature
distribution as
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Ty =33 g QZ(y) 0 »

where m, n are the positive integers.

[f,+T1_,] B [f,+1T1,]
7smh(2 ) sinh z(z —h)+ 7h(2,uh) sinh z(z + h)
Substituting equatlon (3.2) in equation (2.4), we get
n=1 m=1 n /’lm (35)

Substituting equation (3.4) in equations (2.1) - (2.3), the
displacement components are obtained as

. {ZZ{Q () g Qm"<y)Q_Qm(y)Q-}}

n=1 m=1 /'tm /um /um

1 P (%) Qu(y)
An:LPn(x)dx+v n A

no (3.6)
{ilmir .9 P"/nl:x) o _ Pnl(nx) Q}}
X:mi Qn (Y)dy +v—"== P (X) Qﬂ(ny) o
_ /I{ZZ{ P'f) QL (ny) _ P';n(x) QL (ny) _ P;EX) Qﬂ Ey)”

x ledz +VMQ”‘—(y)Q
. An Hi
(3.8)

DETERMINATION OF STRESS FUNCTION
Substituting the value of Airy’s stress function U(x,y,z)

from equation (3.2) in the equations (2.13) to (2.14) one
obtain the stress functions as,

eSS R)Qn(Y) o P(¥) Qu(Y)
S5 [ P Qu(Y) (P Qu(Y) }
nZZ:|: n Hn N /1n Hn (42)
S& [P QoY) L P Q'n(y) }
. =—AE Q+ Q
? éé |: /ln /um /,Ln /um (43)

SPECIAL CASE

set fs(0Y)= (¢ +ax)(y* +ay)(-h)
fo(x, y) = (x* +ax)(y’ +ay)(h)

{an cos’(a,a) — cos(ana)sm(ana)}
,xy) a,’

n

{bm cos? (b, b) —cozs(bmb)sin(bmb)} h)
by, (5.1)
_ {an cos’(a,a) —cos(ana)sin(ana)}
fo(xy) - a,’
X[bm cosz(bmb)—ccls(bmb)sin(bmb)} -
by, (5.2)
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Substitute these values in equations (3.4) to (3.5) one
obtains

T(XYy,2)= ZZ Pnﬂfx) QL(y)

[ {an cos’(a,a) - cos(ana)sin(ana)}

aZ

n

“ {bm cos? (b, b) — cos(b, b)sin(b,b)
b 2

}x -h)y+z_,

m

inh 41, (2~
sinh 2,1 sinh 1, (2 )

{an cos?(a,a) — cos(ana)sin(ana)}
a 2

n

y {bm cos? (byh) — bCOZS(bmb)Sm(bmb)} x(h) +Z,

+ sinhu (z+h
sinh 2,1,h (241)

(5.3)

< < Pﬂ X Qm
U :—/IE;Z; #T(y)

[an cos’(a,a) - cos(ana)sin(ana)}

a2

n

y {bm cos’ (b, b) — cos(b, b)sin(b,b)
b 2

m

:lx (-h)+z,

inh 1, (2~
sinh 21, sinn 12 -h)

{an cos?(a,a) - cos(ana)sin(ana)]
a 2

n

b, :|><(|‘l)-§—Zh

sinh g (z+h
! sinh 20, (2 +h)

y [bm cos’ (b, b) — cos(b, b)sin(b, b)
2

(5.4)
NUMERICAL RESULTS

Seta=1m, b =2m, h =2mt = 1sec and k= 0.86 in
equation (5.3) to (5.4), we obtain

T(x,y,z)=§§ ?Qﬂ_(y)

[ {an cosz(an)—cos(an)sin(an)}
a 2
, :
§ {bm cos* (2b,) - bCOZS(me)S'”(me)} x(-2)+Z,
n inh -2
sinh4u, s
{an cos*(a,) - COS(an)Si”(an)}
a 2
, .
){bm cos*(2b,) - gozs(zbm)sm(me)} @+2,
n inh 2
* sinh 4z, sinh e+ )_
(6.1)

U5 3 ROL)

n=1 m=1 n ;um
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a, cos’(a,) —cos(an)sin(an)}

a

) b, cos?(2b, ) -cos(2b, )sin(2b, )
b 2

m

}(‘Z)*'Zz

sinh 41, (2-2)

sinhdu,

2

[, cos?(a,) —cos(an)sin(an)}
a

n

) b, cos”(2b,,) - cos(2b, )sin(2b,,)

. }<(2)+Z2
+ i sinh 1, (2+2)
I sinh 4z, ’ 1 6.2)

STATEMENT OF THE PROBLEM-I1

Consider a thin rectangular plate occupying the space
D: —a<x<a,-b<y<b-h<z<h The

displacement components u, and u, u,inthe x and y and z
directions respectively as Tanigawa et al. [31] are

al 2 2) 2)

uxzjlali 6LZJ_V8li + AT [dx
_a_E oy oz OX ] (7.1)
b[ 2 2 2 T

uyzj é[@g+atﬁ_vélﬁ]+/ﬂ_ dy
Al 0z OX oy (7.2)
h[ 2 2 2 N

u, :j é(aag +a Lﬁ —vaaLZJJ+/1T dz
41_ X ay Z _ (7.3)

where E, v, and A are the young’s modulus, Poisson’s ratio
and the linear coefficient of the thermal expansion of the
material of the beam respectively and U (Xx,y,z,t) is the
Airy’s stress functions which satisfy the differential
equation as Tanigawa et al. [31] is

[az ot o? o 8% &

2
5377] “(X'y’z*t)bﬁ[a?*ﬁ*a?] <T (%, 2.1)
(7.4)

where T(X,y,z,t) denotes the temperature of a rectangular
beam satisfy the following differential equation as Tanigawa
etal. [31] is

2 2 2
0 T+6T +£+g(x,y,z,t):£g
8X2 8y2 822 k a ot (75)

where K is the thermal conductivity and & is the thermal
diffusivity of the material,
subject to the initial and boundary conditions:

T(x,¥,2,0)=F(x,Y,2) (7.6)

T(x, y,z,t)+k{m—(x’y’z’t)} = f,(y,2,1)

R (7.7)
T(X, y,z,t)+kz[6T(X’y’z’t)} = f,(y,z,t)
) XK (7.8)
T(x,y,2,t)+k, a'l'(xyzt)} = f,(xz,t)
) v = (7.9)
T(vavzlt)+k4aT(X’y’Z’t)i| = fA(X,Z,t)
- ¥ = (7.10)
T(x,y,z,t)+kg aT(Xth)} = f.(x,y,1)
: . (7.11)
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aT(xyzt)} = £, (6 Y1)
oz I (7.12)

The stress components in terms of U(X, vy, z, t) as Tanigawa
etal. [31] are given by

{T(x,y,z,t)+k6

U o
S| 7 e
(7.13)
" {azu azu}
Yy
072 ox? (7.14)
U o
o, = 6X2 +6y2
(7.15)

Equations (7.1) to (7.15) constitute the mathematical
formulation of the problem under consideration.

SOLUTION OF THE PROBLEM

By applying Marchi-Fasulo transform defined in [12] w.r.to
X,y and z successively, we get

[a-ﬁrt }Jrap T =y
(8.1)

Where P° = (42 + w2 +7,2)

|\ - Pl(a') fz_ I:)I(_a) f +Qm(b) f4_Qm(_b) f3+ Rn(h)_ Rn(_h)+g

k, k, ' k
This is linear equation.
Further using their inverses in equation (8.1), one obtains
the expression for temperature distribution as

T(xy,2,t) = aptzzzp(x) Qn(Y) R.(2)

1=1 m=1 n=1 | m n

X {F + J-l//e“pzt'dt}
0

k k k k

4 3 6 5

(8.2)
where |, m, n are the positive integers.
Substituting equation (8.2) in equation (2.4) we get
U __;tEeapthZZ P(X) Qn(Y) R, (2)
I=1 m=1 n=1 /um 77n
x [? + J‘We“pzt'dt':|
0 (8.3)

Substituting equation (3.3) in equations (8.1) - (8.3), the
displacement components are obtained as

apzt t
=1 F+ [we="dt’
L Ffremar
x( P (X)Q, (YR, (@) =R (X)Q, (Y)R,(2)- P (¥Q, (Y)R(2)
+ R (0Qu (VIR (2) ) gy (8.4)
b ap’t _ t
u, = A,b/%e,umﬂn {F + _([V,eapzt’dt'}
x( R(¥)Q,(Y)R,(2)- B (\Q,(V)R(2) - R(X)Q,(¥)R!(2)
IR (X)QL (YR, (2) Ny ©5)
u, = iJh. e {F +j e""’zt'dt}
STy A
x( P(x)Q, (Y)R,(2)-P'(X)Q, (Y)R,(2) - P, (x)Q, (Y)R, (2)
+R, ()Q,, (V)R] (2) )dz (8.6)
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DETERMINATION OF STRESS FUNCTION
Substituting the value of Airy’s stress function U(x,y,z,t)
from equation (8.2) in the equations (7.13) to (7.15) one
obtain the stress functions as,

© o = t
o = —AEe® S S 3 A altd) [F +J.z//e"“’2"dt’}
o

=1 m=i =t 4 Al
x [Qm"(y)Rn(zHQm(y)Rn (z)}

9.1)
it~ Qu(Y)
- _JE
T I a7,
><[F+j‘y/e“92t dt} [P COR{EP) R (0R, (Z)}
(9.2)

o, =—2Ee™ 33 3 Ruld)

I=1 m=1 n=1 I#mnn

« [F + fy,eapzt'dt} x| R (0Qu(0 +RCIQ, ]
(9.3)

SPECIAL CASE

set fxy.0)=(")(x+a)*(x-a)*(y+b)*(y-b)*
F(x.y.2)=(")(x+a)*(x-a)*(y+b)*(y-h)*(z+h)*(z-h)’
L a, cos’ (a,a) —cos(a,a)sin(a,a)
F =6 { a’ }

§ {bm cos?(b,b) — cos(bmb)sin(bmb)}

bZ

m

. { h, cos?(h,h) — cos(hnh)sin(hnh)}
h,?

(10.1)
Substituting this value in equations (8.2)- (9.3) we get

Toyay e 333 A Qﬂ(y) Rn(Z)

{(e“) 9 [a, cos?(a,a) —cos(a,a)sin(a, a)}

a’

b 2

m

5 {bm cos? (b, b) — cos(bmb)sin(bmb)}

2 H 1
{hm cos (hnh)—cozs(hnh)sm(hnh)} e dt,}
h, g (10.2)

e 33 S P(x) SAOLI

{(e“ {a, oS (aa) cos(a, a)sm(a,a)}

2
I

. {bm cos? (b, b) — cos(bmb)sin(bmb)}
b 2

m

2 _ i 1
{hn cos®(h,h) cos(hnh)sm(hnh)} +jz//e"'°2t'dt'}

hn2 0
(10.3)
_/1 1y, | & cosz(a,a)—cos(ana)sin(a,a)}
I a i Tl {(e : [ a’
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b’

m

b cos?(b,b) - cos(b b)sin(b,, b)}

h,?

x( R()Qy (YR, (2) = R (¥Q n (YR, (2) - R (X)Q, (¥)R! ()
+1P(()Q (R, (2)) dx (10.4)

T oew t a, cos?(a,a) — cos(a,a)sin(a,a)
u = (e—t) x| & | s n |
g j;)/)i“l /umnn { |: :|

A

al
{  cos?(b,b) - cos(b b)sin(b, b)}
(

n

{h cos?(h,h) - cos(h h)sin(h, h)} +Iv,eaptdt}
(

b,’
h, cos?(h,h) - cos(h hysin(h, h)} Jl'l//e“pzt'dt'}
0

R (X)Qn (YR, (Z) P (0)Q, ()R, (2)- R (X)Q, (Y)R!(2)
FR(0QA (YR, (2))dy (105)
ih et {(e“) {al cosz(ala)—ccls(ana)sin(a,a)}

—h I:umnn a'I
{b cos? (b, b) — cos(b b)sin(b,, b)}

h2

n

. 1
{hn cos (hnh)—cos(hnh)sm(hnh)} + fyen dt}
0

x( R (¥)Q, ()R, (2) = R1X)Q, ()R, (2) = R (x)Q n (¥)R, (2)
+IR()Q, (V)R(2) )z (10.6)
ap®t - - P (X)
=—1Ee™
22 e
5 {(e‘) y {a, cos’(a,a) — cos(ana)sm(a,a)}

a’

) {bm cos? (b, b) - cos(bmb)sin(bmb)}
b 2

m

2 1 1 241
{hn cos?(h h) - rc]:ozs(hnh)sm(hnh)} + fye dt,}
0

n

x [ (YR, (@) +Q, (NRI)] (10.7)
ry e S Q)

I=1 m=1 n=1 I/'lmnn
X{(et){a, cos (a,a)—cos(ana)sm(a,a)}

a’

. {bm cos? (b, b) - cos(bmb)sin(bmb)}

b,’
X[hn cos?(h,h) — r::ncis(hnh)sin(hnh)}r gweapzt, dt}
x[R(OR](2) +RTOR, (2)] 10.8)

o, =—2Ee™' 333 Ry (2)

=% m=1 n=t b Hmln
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y {(et) y { a, cos’(a,a) —cos(a,a)sin(a, a)}
a’

b 2

m

) {bm cos? (b, b) - cos(bmb)sin(me)}

1
{hn cos’ (h,h) _;2S(h”h)sm(h”h)} n J‘V/eaPZI,dt,}
0

n

<[ 00Qu(0)+ PR, ()] 09

NUMERICAL RESULTS

Seta=1b=2 h=2t =1sec and k= 0.86 in equation
(10.1)-(20.9), we obtain

T(X y 7 t) eap 222 P(X) Q (y) R (Z)
Tmine A My M
x{(e“){a' c0s (a,)—cos(an)sin(a,)}

2
aI

b 2

m

§ [bm cos?(2b, ) — cos(2bm)sin(2bm)}

h2

n

2 - i 1 240
{hn cos?(2h,) cos(2hn)sm(2hn)}+ [y dt,}
0

(11.1)

ap’t ~ T~ |:)I(X) Qm(y) Rn(Z)
U =—-1Ee®
R e
y {(e‘) y {al cos?(a,) —cos(an)sin(al)}

a’

. {bm cos?(2b,) - cos(2bm)sin(2bm)}
b 2

m

2 H 1 241
{hn cos?(2h, ) — kc}ozs(Zhn)sm(Zhn)} +fye dt,}
0 (11.2)

n

u, = A h eapz {(et)x|:a' cosz(a,)—ccz)s(an)sin(a,)}

_1ﬂ“lzum77n 8
§ {bm cos?(2b, ) — cos(me)sin(me)}
b,
h, cos?(2h, ) —cos(2h, )sin(2h,) j e g
hn 0
x( P ()Qn ()R, (2) P ()Q (YR, (2) - P (X)Q, (Y)R}(2)
+P1()Q, (IR, (2) ) gy (11.3)
uy=/1i e’ {a,cos (a) cos )sin a,]
/1|/Um77n
{b cos?(2b, ) - cos(2b )sin(2b,, )}
b

{hn cosZ(Zhn)—;:ozs(Zhn)sin(Zhn)} _’_J.l//eapzt’dtr}
0

n
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x( R ()Qu (Y)R,(2) =P 1(x)Qy ()R, (2) - R (X)Q, (V)R] (2)

+1R(X)Q, (Y)R,(2) )dy (11.4)
2 2
u, =4 e
-2 ﬂ’l 1um77n
() a, cos’(a,) —cos(a,)sin(a,)
a’
[bm cos?(2b, ) — cos(2bm)sin(2bm)}
X b 2
h, cos?(2h,) —cos(2h)sin(2h.) | F. ot e
x[ hn2 :|+'c[l//eap dt}
x( P (0)Q, (YR, (2)-RX)Q, ()R, (2) - P (¥Q, (YR, (2)
+1P,()Q, (YR} (2) )z (11.5)

- aEe 3 Sy RC)

1=1 m=1 n=1 Z1,le77n
X{(e_l){a, cos (a,)—cos(an)sm(a,)}

2
aI

. {bm cos?(2b, ) - cos(2bm)sin(2bm)}
b 2

m

2 . 1 .
{hn cos (2hn)—;cls(2hn)5|n(2hn)} +J'l//eaptdtl}
0

n

<@, WR,@+Q R, ()]

O_yy — _/'LEeozp2 iii Qm (y)

1% o1 net A AT
y {(el) {al cos?(a,) —cos(an)sin(a,)}

(11.6)

a’

. b, cos?(2b, ) - cos(2bm)sin(2bm )}
b, 2

. 'h cos?(2h,) - cos(2h )sm(2h)} I eaptdt}
h’

PR, ()R (OR, 2]
w5 Ra(2)
—AEe*®
R s,
X{(el){a, cos (a,)—cos(an)sm(a,)}

a’

m

n 0

X

11.7)

. b, cos?(2b,)— cos(2bm)sin(2bm)}
b 2

m

['h cos?(2h.)—cos(2h )sin(2h 1 .
x n ( n) hz( n) ( n):|+.[l//eaptdt,}

n 0

X

P00, ()R 00Q, ()] 19

CONCLUSION

In both the problems, the temperature distribution,
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displacement function and thermal stresses of a thin
rectangular plate have been derived, with the aid of finite
Marchi-Fasulo transform technique when the stated
boundary conditions are known. The results are obtained in
terms of Bessel’s function in the form of infinite series. The
series solutions converge provided if we take sufficient
number of terms in the series. The numerical results are
calculated and depicted graphically.

The results that are obtained can be applied to the design of
useful structures or machines in engineering applications.
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