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Abstract: In a decision tree algorithm, an important factor is measure for selecting the best split the records. There are many measures that can
be used to determine the splitting attributes based on Entropy, Gini index, Information Gain and so on. In this paper, two metrics from the
consistency degree of two knowledges is used as the criteria for selecting the attribute that will best separate the samples into individual classes.
These new measures also to define on covering rough sets for constructing decision tree on incomplete information systems.
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l. INTRODUCTION

There are many criteria for selecting splitting attributes in
building decision tree [5], such as ID3, C4.5 which use an
entropy-based measure known as information gain as a
heuristic for selecting the attribute. The measures developed
for selecting the best split are often based on the degree of
impurity of the child nodes. The smaller the degree of
impurity, the more skewed the class distribution.

Rough set theory, proposed by Pawlak in early 1980s is a
mathematical tool to deal with uncertainty and incomplete
information. Nowadays, it turns out that this approach is of
fundamental importance to artificial intelligence and
cognitive sciences, especially in the areas of data mining,
machine  learning,  decision  analysis,  knowledge
management, expert systems and pattern recognition.
[1-3,7-8]

In recent years, researchers proposed different effective
algorithms for constructing descision tree based on rough
sets, classification algorithms may be categorized as follows
[7]:

Using new measures for selecting the attribute that
separate the samples into individual classes (for example -
dependability, Fixed information gain,..) [2][7]

Reducing irrelevant attribute by the rough set theory then
condensed the sample by removing duplicate instance [1][7].

In this paper, two metrics from the consistency degree of
two knowledges based on rough set theory is used as the
criteria for selecting the attribute that will best separate the
samples into individual classes. This new measures also to
define on covering rough sets for constructing decision tree
on incomplete information systems. Furthermore, the
experiments show that the proposed measures can effectively
process as traditional measures.

The rest of this paper is organized as follows: In Section
2 we introduce some basic concepts and notations which will
be used throughout this paper. The new measure and
properties are presented in Section 3. Experimental results
are summarized in Section 4. Finally, Section 5 concludes
this paper.

© 2015-19, VARCS All Rights Reserved

Il. BAsiC CONCEPTS

We recall some basic concepts of rough set, the interested
reader is referred to [8]

Definition 1: Knowledge: A knowledge is a pair < U,P >
where U is a nonempty finite set and P is an equivalence
relation on U. P will also denote the partition generated by
the equivalence relation.

Definition 2. Finer and Coarser Knowledge : A
knowledge P is said to be finer than the knowledge Q if
every block of the partition P is included in some block of
the partition Q. In such a case Q is said to coarser than P. We
shall write it as P< Q.

Definition 3. Let P and Q be two equivalence relations
over U. The P-positive region of Q, denoted by POS; (Q) is

defined by POS;(Q) :UX U/QE(X), where P(X) = {Y

€ U/P : Y < X} called P-lower approximation of X.
Definition 4. Dependency degree : Knowledge Q
depends in a degree k (0 <k < 1) on knowledge P , written as

POSs Q)

i
the set X.
If k = 1, we say that Q totally depends on P and we write
P = Q; and if k = 0 we say that Q is totally independent of P.
Proposition 1.
1) If R=, P and Q= Pthen RUQ =, P, for some

m > max(k, )

2) If RUP=,Q then R=, P and Q=P , for
some I, m<k

3)If R=>, Q and R= Pthen R=_, QUP, for some
m < min(k,1)

4) If R=>, QUP then R=_,P,R=,Q, for some
ILm>k

5 If R=> P and P=,Q then R=_, Q for some

m>1+k-1.
Definition 5. Consistency degree: Let P and Q be two
knowledges such that P =, Q and Q =y, P. The consistency

P=yQ,iffk = where|X | denotes cardinality of
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degree between the two knowledges denoted by Cons(P,Q) is
given by:

Cons(P,Q):w , Where n is a non negative

+
integer.

Inconsistency degree: We now define a measure of
inconsistency by: InCons(P,Q) =1 - Cons(P,Q)

Definition 6. Covering: Let U is a nonempty set of
objects, C a family of subsets of U. If none subsets in C is
empty, and UC =U, then C is called a covering of U. The
pair (U,C) will be called generalized approximation space.

It is clear that a partition of U is certainly a covering of
U, so the concept of a covering is an extension of the concept
of a partition.

Definition 7. Tolerance space: A tolerance space is
structure <U, R> where U is a nonempty set of objects and R
is a reflexive and symmetric binary relation defined on U.

Definition 8. We shall say that a covering C; is finer
than a covering C, written as C,; < C, iff

n
¥C} €C,, 3C1,Cjz...Cjy € Cy such that CF =| JCjiie
i=1
every element of C, may be expressed as the union of some
elements of C;.
For any x € U the set

PS ={yeU:VC,(xeC; & yeC,)}
will be called kernel of x. Let P be the family of all kernels
(U,C)ie. P={PE :xeU}. Clearly P isa partition of U.
Definition 9. Let (U,C) will be called generalized

approximation space and X be a subset of U. Then the lower
and upper approximations are defined as follows:

C(X) =P :PS = X}
C(X)=UPE :PE N X =}

I11. METRIC ON THE SET OF PARTITION

Definition 10. Let U is a nonempty finite set, P,Q are
partitions on U. If P =, Q and Q =, P then two distance
functions between P and Q is denoted by p(P,Q) and

7(P, Q) defined as

1 p(P.Q =280

2.7(p,Q) = InsCons(P,Q) =1—Cons(P,Q)
Proposition 2.  The distances between two partitions are
metrics.
Proof
1. Itisclearthat 0< p(P,Q) <1, because 0<a,b<l1
We have to prove 3 properties:
a. p(P,Q)=0iff P=Q
b.  p(P,Q)=p(Q,P)
c. VP,Q,R are partitions:
P(P,R)< p(P,Q)+p(Q.R)

a. p(P,Q)=0iff P=Q

IfP=,Qand Q=P then p(P,Q)=0
2—(a+b)

N P(P:Q)=T=

<P=Q
b.  p(P,Q)=p(Q,P)

0= a=b=1
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Evidently, by the role of P,Q is symmetric in
distance function.
c. VP,Q,R are partitions:
P(P,R) < p(P,Q)+p(Q,R)
The assumption that
P=,RR=,P,P=Q0Q0=,PQ=,RR=,0Q
We proof that
2—(a+b) < 2—(1+m) N 2—(u-+v)
2 2 2
< l+m+u+v-2 <atb
< (I+u-1)+(m+v-1) <a+b (*)
By virtue of proposition 1 (5), there are
a>l+u-1
b>m+v-1
This completes the proof (*).
Since a, b, ¢, it follows that p is a metric.

2. Assume, with any partitions P,R,Q
P=,RR=4P,P=QQ=,PQ=,RR=,Q

a z(P,R)=0iff P=R
7(P,R)=0<1-Cons(P,Q)=0
&1-Cons(P,Q) 1 PFA+WA _4

n+2
(- p)+(-a)+n(i- pa)
n+2

=0e p=q=1,

(because 0< p,q<1)
SP=QAQ=>P&P=Q

b.  7(P,Q)=7(Q,P)
Obviously, the role of P,Q is symmetric in distance
function.

C. 7(P,R) <z(P,Q)+7(Q,R)

We have,
7(P,R)<7(P,Q)+7(Q,R) &
n+2-p-q-npq <n+2—|—m—n|m
n+2 B n+2
nN+2-u-v-nuv
+
n+2

Sn(im+uv—pg-0) <2+ p+q—(I+m+u+v) (**)
From proposition 1 (5), there are
p=l+u-1
gzv+m-1
(Im+uv-pg-1
Hence, <Im+uv-(l+u-)(v+m-1)-1
=ll-v)+u@l-m)-(@2-v)-(1-m)
<@-v)+@-m)—-(1-v)—-(@1-m)=0
(because 0<I,u<1)and
2+p+q-l-u-v
>2+l+u-1+v+m-1-1-m-u-v=0)
Thus the left hand side of (**) is negative, the right

hand side of (**) is positive.
So (**) is established, i.e 7 is a metric.

20



Nguyen Duc Thuan et al, International Journal of Advanced Research in Computer Science, 6 (5), May-June, 2015,19-23

IV. APPLICATIONS

A. Decision tree on complete Information

In the decision tree algorithms, the measures for
selecting the best split are often based on the degree of
impurity of the child nodes. The smaller the degree of
impurity, it more skewed the class distribution. In this
section, we propose two measures for selecting the best
splitting attribute:

#(P,Q) =1-p(P,Q) and

x(P,Q)=1-7(P,Q) =Cons(P,Q),
with n=2 in formula of Cons(), and P,Q are partitions
corresponding to attributes P,Q.

For example, we use a sample dataset (Golf Dataset —

Table 2.) to compare building of decision tree for p, y .

We have,

U ={u;,U5,U3,Uy,Us,Ug, U7, Ug, Ug, Uyg, Usp, Uz, Ug }

U] =14

The partition of U under P1, P2,P3,P4 and D respectively:
7y ={X1, X5, X3}={{uy,uy,ug,ug,us; },{Uz, U7, Usp, Us3},

{ug,Us5,Ug,Uyg, Uis 3}

Zpy ={Y1,Y2, Y3} ={{u;, Uz, Uz, U}, {uy, Ug, Usg, Uy, Ugp, Ugg

{us.ug, Uz, ug}}
7p3 ={Z1,Z,}={{u;, Uz, U3, Uy, Us,Ug, Ujg, Usp, Uss},
{ug.U7,Ug, U1y, Uss}}
7pgy ={Wy,Wo}={{u;, U3, Uy, U5, Ug, Ug, Usp, Us3},
{uz,Ug, U7, Uy, Upp, Ugg 3}
7p ={Dy, Dy} ={{u;, Uz, ug,ug, Uy },
{u3,U4,Us,U7,Ug, Ugg, Upy, Ugp, Uz} }
POSp, (D) =2/7,POS, (P1) =0
= u(PLD)=1/7, (P, D) =1/14
POSp,(D) =0, POS,(P2) =0
= u(P2,D)=0, z(P2,D)=0
POSp3(D) =0, POS, (P3) =0
= u(P3,D)=0, ¥(P3,D)=0
POSp,(D)=0, POS,(P4)=0
= u(P4,D)=0, y(P4,D)=0

Thus, we choose P1 is root node, then there are 3
branches

- Sunny: U;={U,,U,,Ug,Ug,U, },
- Overcast:U,={Uj,U,,Up,,U;3},
- Rain: Us={U,,Ug,Uq, U5y, U, }
We now turn to Sunny class with

7py =Y. Y5, Y5} ={{ur, uy} {ug, Uy 3 {ug}}

by ={Z1, 23} ={{uy, U, ug}{ug, Uy 3}

”é4 :{Wll’le}:{{leUz-“s},{uwun}}

75 ={Df, D3} ={{uy, U, Ug} {Ug, Uy 13}
POSp, (D) =3/5, POS_,(P2)=0
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= u(P2,D')=3/10, y(P2,D') =3/20
POSp;(D') =1, POS_; (P3)=1
= u(P3,D') =1, y(P3,DY =1
POSp, (D) =1, POS_; (P4) =1
= u(P4,D') =1, y(P4,D")=1

Thus, we can choose P3 or P4 is splitting attribute. At
this time we chose P3.
There are 2 sub-branch from “Sunny” class

- Humidity-High: {u;,u,,ug}

- Humidity Normal: {ug,u;;}
Overcast: Up= {usz,u;,u;5,U;3} With partition of decision
attribute D: {{us,u;,u;,,U;5} } (Only lass)
Rain: Us={u,,Us,Ug,Usg, U4}

”gz :{Yls,st}Z{{U4:U10,U14}1{U51U6}} )

7og =W W5k ={{uy, Us, Uyo} {Ug, Uy} }

”gs = {Dl3’ Dg}:{{u4,u5,u10},{u6,u14}}
POS;,(D%) =0, POS_;(P2) =0
= u(P2,D%) =0, y(P2,D%)=0
POSp,(D%) =1, POS_; (P4) =1

= u(P4,D%) =1, y(P4,D%=1
Thus, we can choose P4 is splitting attribute (on Uj)
Finally, we have decision tree as same as decision tree
which constructed by traditional measure Entropy or Gain
information Figure 2.

B. Decision tree on incomplete information

With definition 8, we can propose a heuristic for
constructing decision tree on incomplete information. The
basic heuristic is as follow:

1. On incomplete information S=(U,AT), where U is
a nonempty finite set of objects, and AT is a non-empty
finite set of attributes (it may happen that some of attributes
values for an object are missing. To indicate such a
situation a situation at distinguished value, so called null
value. We will denote null value by *). We define a binary
similarity relation SIM(A), AcAT, between objects that are
possibly indiscernible in terms of values of attribute AT.
SIM(A) = {(x,y) e UxU: A(X)=A(y) or A(X)=* or A(y)=*}
Clearly, SIM(A) is a tolerance relation. If any objects in U
has not null value on A, SIM(A) is equivalence relation.

Let C* note the object set {yeU|(x,y)SIM(A)}. We
have Cx :{CXA: xeU} is a covering of U and P be the

family of all kernels (U, Cp) i.e. P = { PS* : x e U}, which
is a partition of U.

2. With each AeAT, A has null values on some
objects in U, let (U,P,) be knowledge defined by A.

3. From definition above knowledge which
determined by an attribute, we can consider the measures
which defined in 4.1 for selecting best splitting attribute.

For example, we consider a sample incomplete
information (Table.1).
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We have,
U ={u;,Up,U3,U,,Us,Ug} U|=6
The covering U under P, M, S and D respectively:
Cp ={{uy,u3,uy,us}{uy,uz,Us, Ug}{Us,Us}}
= Pp ={{uy,u,}{uz,ug}{us,us}} = 7,
Cyn ={{u1,uz,Uz,u4,U5,Ug}{Up, Uz, Uy, Us Y}
= Pw = {{ug,ug}{u, Uz, Uy, Us}} = 7y
Cs ={{uy,uz,uy,Us,ug}{us}}
= Ps = {{u,u;,uy,Us5,Ug}{Uus}} = 75
Ca = {{ug, Uz, ug}.{us,uy s, Ut}
= Pa= {{u,u b {uz ug,usp{ugtt =7,
Cp ={{uy,uy,uy,ug}{us}{us}}=7p
POS, (D) =2/3, POS, (P)=1/3
= u(M,D)=1/2, y(P,D)=13/36
POS,, (D) =0, POS, (M) =1
= u(M,D)=1/2, y(M,D)=1/4
POS¢ (D) =1/6, POS,(S) =1
= u(S,D)=7/12, y(S,D)=3/8
POS,(D)=1/2, POSy (A) =5/12
= u(A/D)=5/12, y(A/D)=7/24

Thus, we choose S is root node, then there are 2
branches

Uy ={u;,Up,Ug,Us,Ug U, ={us}
We now turn to U; class with

75 ={{uy, U3 AU, Ugr {us}}

7 = {{uy, Ug} Uy Uy, U3}

7a ={{U, s} {Ug, s} U}

7T1Dl ={{uy,uz,uy,Us}{Us}}

POSp (DY) =1, POS_;(P) =1/6

= u(P,DY)=7/12, y(P,D) =3/8.
POS,, (D) =2/6, POS_,(M)=1/6
= u(M,DY) =1/4, y(M,DY) =11/72
POS,(D") =1/2, POS_; (A) =1/3

= u(A DY) =1/3, y(A D" =5/24

Thus, we can choose P is splitting attribute (on U,), there
are 3 branches

U, ={uy,u,}, Us ={u,ug}, Ug ={us}
and decision respectively
D* ={Good}, D° ={Good}, D® ={Excel}
In other words, we have the decision tree in Figure. 1
There are two decision rules:
(S,Compact) — Poor
(S,Full) > (D,Good)v(D,Excel)
This result is compatible with result in [3].

V. CONCLUSION

In this paper, we proposed two measures to determine
the splitting attributes for constructing decision tree. This
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two measures developed from two metrics based on rough
set. Unlike popular measures as Entropy, Information Gain,
Gini index, new measures can use as heuristic on incomplete
information. In our experiments, we compare constructing
decision tree based on new measures and popular measures.
The result shows that the decision tree which is based on
new measures compatibility. However, next time we will
test on many data sets to accurately assess the effectiveness
of the new measures.

We believe that new measures offered here will turn
out to be useful also in other tolerance information systems.
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Table 1. Incomplete Information

U Price Mileage Size Max_Speed D
P_| ™) (S) ()
Ui High High Full Low Good
uz Low * Full Low Good
us * * Compact High Poor
Us High * Full High Good
Us * * Full High Excel
Us Low High Full * Good
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Full Compact

High /
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Figure 1. Decision tree from Incomplete

Information

Table 2. The Gofl Dataset

U Outlook Temp. Humidity Wind Play?
(P1) (P2) (P3) (P4) | (D)
u; Sunny Hot High Weak No
Uz Sunny Hot High Strong No
Us Overcast Hot High Weak Yes
Ug Rain Mild High Weak Yes
Us Rain Cool Normal Weak Yes
Us Rain Cool Normal Strong No
uy Overcast Cool Normal Weak Yes
Usg Sunny Mild High Weak No
Ug Sunny Cold Normal Weak Yes
Uio Rain Mild Normal Strong Yes
U1 Sunny Mild Normal Strong Yes
Uiz Overcast Mild High Strong Yes
Uiz Overcast Hot Normal Weak Yes
Uyg Rain Mild High Strong No
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Strong

Figure2. The Decision tree of Golf Dataset
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