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=Bx V Cx (* Bx V Cx = [pye, x A (uzpx)€] v
[ﬂ131x A (#2cx)c])
Suppose}[ = (g)Cﬂ = (Hll Hl H(.ulﬂll.uH)l LH)a Where
(m)H1 = CAGI = GIC UA = (Bl UC1)CUA,H = G =
A
(N Ly =Lg=1Ly4 B
(0) thyp, X = My,¥x € Hy , ployx = Gx,foreachx € A

Hx = My A (Gx)¢ = (Gx)© :[Ex vCxV [H1c1x A
(uzpx)]V [#13135 A (.Uzcx)c]]c
=(Bx)° A (Cx)° A [(lex)c V thaex] A [(#mlx)c V hypx]

=(Bx)° A (Cx)° (+ (Bx)* A (Cx) < [(ulle)c V faex] A

[(#mlx)c V pzpx] )

Sufficient to show that B4 n (€)%4 = (B U €)%«
F, = H,,F = H = A follow from (f) and(m)

Lp = Ly = L, follow from(g) and (n)

(H1p, X = Wy, x, for each x € Fy, pppx = ppyx, foreach x €

A) or Fx = Hx follow from (h) and (o)
Hence we proved the following
(p) FF=H,F=H=A
(@ Lp =Ly =Ly
(1) (H1p X = P, X, f(zr eacl_lx € Fy, fopx =
Uopx, for each x € A)or Fx = Hx
B4 n 4 = (B U ) follow from (p),(q) and(r)
Case (I): If Bis®_, then BUC=d ,UC =C
= (B U C)%4 =C64, BCA = ()04 = A
RHSB“ NE4 = ANCA =l
» (Bug)a =Bbanci
Proof (ii): Let J=BNC=(J,,],J (i1, H2y), Ly ), where
@ J;=B;nC,J=BuUC
(b" Ly=LgANLc =1y
(€) may,)i — Laisgivenby py; x = g, X Ay, x
oy i ] — Lyisgivenby py;x = (Hap V Hac)X
and
JiJ — Ly is given by Jx = 1y, xA(pz;x)°

- c
Jx = (Mlle A #urlx) A ((uzp V t20)x)
foreachx e J=CUB=A
=(t13, X Ay, %) A (UapX V pcx)"
:(#wlx A #10135) A [(uapx)° A (pzex)¢]
:[l_lwlx_/\ (252)°] A [Mlclx A (izcx)°]
=Bx ACx
Suppose ‘N:JC‘A:(B n C)Cﬂ:(Nll N: N(”lNll ”ZN)I LN)y
where
(d) Ny =C4Jy =C4(ByNC) =(B;NC)UAN =
J=A
(e‘) LN = L] = LA
(f) uin,x = My, for each x € Ny
uz,\,_x:]_x,foreachxeN:A ) )
IYx = N, X A (H_sz)C:MA A(Jx)¢=(x)°
=(Bx ACx)¢ =(Bx)¢ v (Cx)*
Let BC‘A = (Dl' D, 5(#1[}1, MZD)‘ LD)' Where
(gl) D1 = CABI = B](_: UA,D =B =A
(h) Lp =1Ly o
(I u1p,: Dy — Lyis given by pyp x :_MA
Uspi A — Ly is given by p,px = Bx
D:A — Ly is given by Dx = pyp xA(tppx)¢ =
M, A (Bx)¢ = (Bx)©

© 2010, IJARCS All Rights Reserved

Let C4 = (Ey, E, E(pg,, Har ), Lg ), Where
() E,=C,C,=C UA E=C=4
(K) Lg =Ly
(I t1g,: Ex — Ly is define by, g x = M,
Usp: A — Ly is define by p,px = Cx
E:A — L, isdefine by Ex = p;p xA(25%)¢ =
M, A (Cx)¢ = (Cx)°
Let B¢ U ¢4 = K = (Ky, K, K (pa,, tox ), Li ), Where
(M) K, =D, UE, = (B UA) U (Cf U A) =
(BfUCHUA=(B; NC)UA,
K=DUE=A
(M) Lg=LpVL =1L,
(0") pak, * = (Hap, V Hag, )x, for eachx € D; U E;
UpkX = UapX A lipx = Bx A Cx,foreachx € A
Kx = py, x A (u25x)¢, for each x € A

=(#1D1 \ #151)95 A (UzpX A popx)©
=(t1p,x V tag,x) A (Bx A Cx)°
=(M, v My) A[(Bx)C Vv (Cx)]
=(Bx)¢ v (Cx)°
Sufficient to show N=%
N, =(B;NC)UA=K, N=A=K follow from (d’)
and (m”)
Lx = Ly = L4 follow from (e”) and (n’)
(H1n, X = g, x, for each x € Ny, upyx =
Uk X, for each x € A) or Nx = Kx follow from (f’) and (0’)
Hence we proved the following
(P) N SK, N=A4=K
(@) Ly =Ly =Ly
(r) (pan, X = pag,x, for each x € Ny, ppyx =
Uaix, for each x € A)or Nx = Kx
Hence (B n €)% = B4 U ¢4 follow from (p),(q”)and(r’)

a. Example:
There exists a pair of Fs-subset B andC of A such that
(Bx)¢ A (Cx)° > [(lex)c V lhaex] A [(#wlx)c V tizpx|
and (BUCG)4 = B4 ncls
Let A=(Ay, A, A(pya,, H2a), La), Where
A, ={a,b,c},A={a}
Haa,i A — Ly isgivenbyp,,, =1,
Uzat A — Ly isgivenby p,, =0,
A:A — Lyisgiven byAx = piys x A (Upux)¢ = 1A0° =1

B:(Bl’B’E(MlBIHuZB): LB) 1

B, ={a,b},B ={a}where L, = Ly =« B,
tap,: By — Lg isgivenbyup = a, a; 5,
Usg: B — L isgiven by p,p = a4 ig-V

B:B — Ly is given by

Bx = g, X A (Uopx)¢ = ay A(@)) = ay AB, =14
= (Bx)* = (1) =72

C:(Clt C, C_(Mlc‘lt ,Uzc); LC‘)

¢, ={a b}, C = {a}

tic,: G — Le is give byu,c, = B

Hac:C — L is given by pyc = By

C:C — L. isgiven by

Cx= Hic, X A (Uacx)€ = B A(B)S = B Aay =714
5= =71,

Here piy5 X = ay = (u1p,%)" = (@) = By,

Hac, X = B = (_ﬂ1clx)c =B =my

NOW (BX) A (CX)° = Y2 AYVo = Vo wovevvieninninnienennnnns (1)
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[(#wlx)c V lhaex] A [(#wlx)c V gpx] = (B V By) A
(yVa ) =BiAa; =0 v, 2)
~ (Bx)¢ A (Cx)¢ > [(#131x)c V tipex]| A [(ﬂ1clx)c V tizpx]
Let B¢4 =D = (Dy, D, D(psp,, #2p ), Lp ), Where
(1) D, =CB, =B uA={a,c},D=A={a}
(2) Lp =1L,
(3) Hip,: Dy — Ly isdefine by pyp x =1
Usp: A — L, is define by p,px = Bx =y,
D:A — Ly is define by Dx = p;p, xA(topx)€ =
My A (Bx) = (Bx) =y,
»B“ =D = ({a,c},{a}, D(1,y1), La)
Let C% = & = (Ey, E, E(uyg,, Mo ), L ), Where
(4) E,=C,C,=CfUA={a,c},E=C=A={a}
() Lg=1L,
(6) uip,:Ex — Ly isgiven byu,p x =_1
Uspi A — Ly isgiven by pypx = Cx = ;4
and E: A — L,is given by
Ex = .U1E1X/\(.U2EX)C =MyA (Cx)° = (Cx)° =

V2
CC‘A =&= ({a, C}, {a},ﬁ(l, yl)lLA)
Let G=BUC=(G,, G, G(w1g,, Hac), L), Where
(7) G,=B,uC, ={a,b},G=BnC ={a}
(8) Lg=LyVL =L,
(9) 6,1 Gy — Ly isgiven by pyg x = (g5, V
Hic )X=az V B, =1
o G — Ly IS giVen bY ppex = UappX A plycx =
a,ANB; =0
G: A — Lyisgiven by Gx = py5, xA(iz6%)°
=1A (0)¢ =
SupposeH = (G)*4 = (Hy, H, H(uym,, tn), L), Where
(10)H; = C46; =Gf UA=(B,U(C)) VA =1{a,c},
H=G=A={a}
(1) Ly =Ls =1Ly
(12) pyp,x = 1,for each x € H;
Uyx = Gx = 1,foreach x € A
Hx = pyp, XN ) =1A (1) =
- ‘7{ = (g)Cﬂ = ({a, C}, {a}, H(l,l),LA)
Let B n €4 = F = (Fy, F, F(puap,, tar ), Lr), Where
(13) F=DNE, =(Bfuld)n(Cful) =
BfnCHHYUA=(B,UC)VUA={a,c}
F=DUE = A={a}
(14) Lg=LpALg=1L,
(15) X = Hyp, X Apiyg,x = 1,foreachx € D; N
E
H2rX = HapX V gX = BxVCx =y, Vy, =
y1,foreachx € A
Fx = pyp,x A (upx)© = (Bx V Cx)° =
(y1)¢ =y, foreachx € A
S g X =12 BxVCx =y, = fippx
This in term imply existence of B4 n ¢4 and
BC‘A n CCﬂ =F = ({a, C}, {a},F(l, V1): LA)
We observed that 7 = (BU C)¢4 # B4 nc4 =g

Iv. FS-DE MORGAN LAWS OF ANY
ARBITRARY FAMILY OF FS-SETS PROPOSITION

Given a family of Fs-subsets (B;)¢; of
A= (Al ’A,A (I’tlAl ,:HZA)' LA)! Where LA = VaeAAa,
M1a, = Mg, li2a = 0,Ax = M,
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(1) (UierB) = Ny Bi*, foredl, w  hereB; =
(BlilBilBi(MlBli:.MZBi):LBi) and
(1) B;=ALg =L,  provided

Nijer [(#wlix)c v #ZBjx]
i)

Nier(Bix)¢ <

(1) (Nier B = Uyey Bi#, whenever N B; exist.
Proof (I): For =0, U;¢; B; = @4
LH.S: ()% = A and RH.S: Nye; B = A
Hence Fs- De Morgan law holds for I=0.
For 1#®, first we prove that existence of N;¢; Bic A
Let BY# = D; = (Dy;, D, D;(iap,p» Hap, ), L, ), Where
(1) Dy =C4By; =Bj;UAD; =B, =A
2) Lp; =Lp, = L4
() t1p,;x = My, for each x € Dy;
Hzp,x = Bix,foreachx € D; = A
Dx = pyp, X A (.Uznix)c = My A (Bix)° =
(B;x)¢,foreachx € D; = A
Let NierB;* = NierDi = D = (Dy, D, D(Hip, Hzn ), Lp),
where
(4) D1 = Nier D1y = Nies(B1; U A)=(Nje; Bi;) U
AD=D,=A
() Lp = Niex LDi =1Ly
(6) mip,:Dy — Lyisgivenby uyp x = Aies Hap,; X =
M,
tap:D — Ly is given by ppx = Vie topx =
Vie Bix B
Dx:D — Lyis given by Dx = pyp x A (Uppx)© =
My A (Vier Bix)® = (Vi Bix)*=Nies(Bix)°
D; = (N B11)¢ U A 2 D = A follows from (4)and
Hip, X = My = pppx = Ve Bix follows from (6)
This shows the existence of N;; B
New B; € Ujer B; = (B 2 (Ujer B4 =
Nicr(B)4 2 (Uie; B v, (i)
Sufficient to show that N;¢;(B;)4 S (U B4
Let Uje; B; = B = (By, B, B(yp, 125), 5 ), where
(6) By =UiesB1;, B=Nie;Bi = A
() Lg =Vig LBi =L,
(8) Hip,: By — Lpisgivenby up x = (Viel ﬂ131i)x
Hap:B — Lp is define by pppx = (/\iel ﬂzsi)x
=Nier 2B X
B:B — Ly is define by,Bx = piyp, xA\(Upp )€
=(Vier t1p, )% A (Nier MzBix)c
=Viertap, X A [Viez(ﬂzsix)c]
Let (U;e; B))4=E = (Ey, E, E(psg,, tag), Li ), Where
(9)  Ey=C4By = €U By = (U By) U
A=(NiBS)UA E=B=A
(10) Lg=Lg=1Ly
(11) g, x = My, foreach x € E;
U,px = Bx,foreachx € A
Ex = g, x A (uz5x)¢, for each x € A
=M, A (Bx)¢
=(Bx)*
c c
:[Viel.ulBu- XA [ViEI(MZBlix) ]]
=/\ie1(ll131ix)c V [Aser t2p,x]
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:/\iel[(ﬂwlix)c v MZBix] A[/\i'je_l('ulBlix)c v

i#j
#ZBjx]:/\iel[MlBlix A (#ZBix)c] A

/\i',je'l(llwlix)c V Uzp;X
1#]
=Aier(Bix)=Dx
Needs to show DEE
(13)D, CE,,D 2 E
(14) Ly < Lg
(15)(pap, X < pyg, x, for each x € Dy, pypx >
X, for each x € E) or Dx < Ex
(13) follow from (4) and (10)
(14) follow from (5) and (11)
(15) follow from (6) and (12)
Hence N (B4 S (Uit B oo, (ii)
Hence N;e;(B;)“4 = (Uje; B;))*
Proof (I): For I=0,N;¢; B; = A
LH.S: (Nigr B = (A)4 = D4
RH.S: Uy, Bi* = D4
Hence De-Morgan’s law holds for [=®
For 14D,
Let B{* = D; = (Dy;, D, D; (i, Hap,), L, ), Where
(1) Dy; =CyBy =Bj;UAD; =B, =A
(2) Lp, =Lp, = L4
(3) t1p,;x = My, foreachx € Dy;
Hzp,x = Bix,foreachx € D; = A
Dx = pyp, x A (.Uznix)c = My A (Bix)© =
(B;x)¢,foreachx € D; = A
Let Uie B = Uier Di = F = (Fy, F, F(kr, Har ), L),
where
(4) Fy = Uie; Dy = Uy (Bf; U A)=(Use BiD U
AF =N D=4
(6) Lr =Vig LDi =1Ly
(6) wap,:Fy — Lyisgivenbypupx = (Vier #wu-)x,
Hopi F — Ly is given byuspx = Nigj bop,x =
Nier Bix ~
Fx:F — Lyis given by Fx = piyp, x A (Hi2px)¢
=(Vier ﬂ1D1i)x A (Nier ﬂzDix)sziel Hip,; X A
(Aier uZDix)C(': foreachx € F = A)
=My A (Nier Bix)® =(Aier Bix)® =Vier(Bix)©
Now
Nier B; € B; = (Nier B 2 B, = (N B)4 2
[ T (iii)
Sufficient to show (N;e; Bi) S U;e; B;“4
NierB: = € = (€1, C, Cpac, tac) Le) » where
(7) Ci =NierBy;,C =V Bi=A
8) Li = Nies LBi =1L,

(9) tac,: G — Lo isgivenby, pye, x = (Aer #1Bli)x

= Niertup,; X
Hac: C — Lc is given byu,cx = Vier Uopx
C:C — L isgiven by Cx = pyc, xA(upc %)°
c
=Nier s, x/\(viel #ZBix)
[
=Nier bap,; X A [/\iel(.“ZBix) |

=/\ie1[li131ix A (#2Bix)c]
=Nier(Bix) ~
Let (N;e; B =G = (G4, G, G(#lcl;#zc); Lg), where
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(10) Gy = C4C; = Co(Nier B1i) = (Nigr By U
A=(U;BS)UAG=C=A4A
(11) Lg=Lc=1Ly4
(12) g, x = My, for each x € G,
Usgx = Cx,foreachx € A
GX = pi16,Xx A (Uz6%)¢, foreach x € A
=My A (Cx)=(Cx)=(Nier(Bix))°=V e/ (B;x)°
Needs to show GEF
(13) G, SF,G2F
(14) L; <Lp
(15) (16, % < pap,x, for each x € Gy, pppx >
p2rX, for each x € F) or Gx < Fx
Hence
(23) follow from (4) and (10)
(14) follow from (5) and (11)
(15) follow from (6) and (12)
Hence Nie;(B) S (Uier B) Ao (iv)
Nier(B) = (U;e; By) 4 follow from (iii) and (iv)
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