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(iii) continuous-semi  [19]  if  the inverse image of each 

open set in Y is open-semi  in X . 

(iv) continuousD    [20] if  the inverse image of each 

open set in Y is openD    in  X . 

(v) continuousDN   [10 ] if  the inverse image of 

each open set in Y is openDN   in X . 

(vi) open  [1] (resp. closed  ) if the image of each 

open ( resp. closed ) set in X is open  (resp. 
closed )  in  Y . 

(vii)  openg   [13] ( resp. closedg   ) if the image of 

each open ( resp. closed ) set in X is openg   ( resp. 

closedg  )  in Y . 

(viii) open-semi  ( resp. closed-semi  ) [19]  if  the 

image of each open  (resp. closed ) set in X is 

open-semi  ( resp. closed-semi   )  in Y . 

(ix) openD   [20] (resp. closedD  ) if the image of 

each open ( resp.  closed ) set in  X is openD    ( 

resp. closedD  )  in Y . 

 
Definition 2.3.   [12] A  topological  space )(X,  is said to 

be 1/2T  if every  closed-g set is closed. 

The intersection of  all closedg   sets containing A [12] is 

called the closureg   of A and denoted by   AC   and the 

eriorg int  of A [12] is the union of all openg   sets 

contained in A and is denoted by  AInt  . The intersection of  

all closedDN   sets containing A [10] is called the  

closureDN  of A and denoted by   ACDN   and the 

eriorDN int  of A [10 ] is the union of all openDN   

sets contained in A and is denoted by  AIntDN   . 

The collection of all closedDN   (resp. closed , 

closed-D , closedg  , closed , closed-semi ) sets  in  

) (X,  denoted by  )( XCD ( resp., C(X)  , )(D XC , 

)(XGC , )(XC , )(semi XC ). The collection of all 

open-D  ( resp. open , openD  , openg  , open , 

open-semi ) sets in  ) (X,    denoted by )(XOD  ( resp. 

O(X) , )(XOD  , )(XGO , )(XO ,  O(X)semi ). ( c.f. [2], [10] 

[17]  ,[19], [20]) 

 
  

3.  
Maps Closed

β
D

N


     
 

We introduce the following definition 

Definition 3.1.  A  map  ) (Y,   ) (X, :  f is said to be 

closedDN   if )(Vf  is closedDN  in Y  for each 

closed  set V  in X . 

 
Theorem 3.2. (i)  Every closed  map  is 

closedDN  . 

(ii)   Every closedg   map  is  closedDN  . 

(iii)  Every  closedsemi   map  is  closedDN  . 

(iv) Every closedD    map  is closedDN  . 

 
Proof. (i)  The  proof follows from the definition and from 
the Theorem 3.3 of [10] that every closedg   set is 

closedDN   

(ii) The  proof  follows from the definition and from the  

Theorem 3.3 of [10]  that every opensemi   set 

is closedDN  . 

(iii) The  proof  follows from the definition and from 
the Theorem 3.3 of [10]  that every  open set is

closedDN  . 

(iv) The proof follows from the definition and from the 
Theorem 3.3 of [10] that every closedD   set is

closedDN  . 

Remark. 3.3. (i) closedDN   
map need not be closed

. (see  the  Example  3.4  below) 
(ii)

 
closedDN   

map need not be closedg  . (see the 

Example 3.5  below) 
(iii) closedDN   

map need not be closedsemi   (see 

the Example 3.6  below) 
(iv) closedDN   

map need not be closedD  . (see 

the Example  3.7  below). 
 

Example 3.4. Let Yd}c, b, {a,=X  , 

   }dd},{c,,db,a, b},{a, , {X, =  and {a}} d},b,{a,  , {Y, =   

then )  (X,   and )  (Y,   be a topological spaces. 

   cb,a,,ba,c ,d ,c,,Y,C X  dc,b,c ,, Y,   C Y  ,  

         cb,a,,dc,a,,db,,dc,,cb,d ,c,b,c ,,Y,GC Y 
         },,,,,,,)( dbcabaYGO da,a ,d ,b,a, ,Y,

      d,b,dc,cb,d ,b,c ,d ,c,b,,Y,C Y  ,   

      
         }a,ba,,da,,cb,a,,dc,a,

,d,b,dc,cb,d},{b, {c}, d},c,{b, , {Y, =) C(Y DN  

Let  ) (Y,   ) (X, :  f be a map defined by daf )(  , 

cbf )( , acf )( and bdf )(  is closedDN   
map, since 

the image of each closed set in )  (X,   is closedDN   in 
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)  (Y, . But  map f  is not  closed ,  since 

b}{a, = d})({c,f , which is not closed  in Y. 
 
Example 3.5.  Let  c} b, {a, = X be any set with topology

   }ca,b}, {a,, a, {X, =   , then )  (X,   be a topological 

space. Let z} y, {x, = Y with topology  }y z}, {y,,{Y, =  , 

then  σ) (Y, be another  topological space. 

 }b{c}}, c},{b,, {X, = C(X)  ,  }zx,{x}, , {Y, = ) C(Y  , 

z}} {x, y},{x, {x}, , {Y, = ) GC(Y 
y}}{x, {y}, z}, {x, {z},  {x},, {Y, = ) C(YDN  . 

Let   Y,    X, :   f  be the function defined by xaf )( ,
zbf )(  and ycf )( is closedDN   map,  since f  image 

of each open set in ) (X,   is  closedDN    in ) (Y,  . But  

map  f  is not  closedg  ,  since  zy,  cb,f , which is 

is not closedg   in Y . 
 
Example 3.6.  Let d}c, b, {a, = X , 

     }cb,a,b}, {a,,b,a , {X, =  and 3,4} 2, {1, = Y  ,

{2,3,4}} {2,4},,{Y, =  . Then  )  (X,  and  ) (Y, be any two 

topological space.    }, ddc,d ,c,a, d ,c,b,, X,  C X  , 

1 1,3 ,, Y,   C Y  .

       1,3,4,1,2,4,1,2,3,1,21,4 , 1 , 1,3 , , Y,   GC Y  , 

     }3,4,3,4{2,3}, {2,3,4}, {2,4},, {Y, = ) GO(Y  , 

{3}} {1}, {1,3}, , {Y, = ) C(Y* Semi   , 

   
           }3,4,1,3,4,4,3,2,2,3,2,4

,1,2,4,1,2,3,1,2{1,4}, 1},}, {1,3{ , Y, { = ) C(YDN 
 . 

Define a function  ) (Y,   ) (X, :  f   by, 2)( af , 3)( bf , 

4)( cf , 1)( df ,    which is a  closedDN  map,  since 

f   image of each closed set is closedDN   in ) (Y,  . 

But  f   is not
 

closedsemi 
  

 map,  since 

{1,3,4} = d})c,({b,f ,  which  is not closedsemi   in ) (Y,  . 
 
Example 3.7.  Let z}y,{x, = X  and  zz ,y, , X,   , then 

)  (X, be a topological space. yx, x , , Y, C Y  .  Let 

t}s,{r, = Y  and ts , t ,s, , Y,   , then  ) (Y,  be a 

topological space. sr,t ,r, r , , Y,   C Y  , 

}{)( sr,t ,r, r , , ,YYGC  , 

ts , t ,s, , Y,  )(YGO  

}{ sr,t ,r, r , , , C YD  Y , 

ts , t ,s, , Y, D  )(YO  

}{ ts ,s ,r,t ,r,r ,,,YDN  Y , 

tr,s ,r,t ,s ,t ,s,,Y,O YDN  .  

Let function   Y,  X,:  f  defined by sxf )( ,  

tyf )( , rzf )(  is closedDN  map, since the image of 

each closed set in  X is closedDN   in Y , but f is not 

closedD  , Since    t}{s, = yx,(f , which is not 
 

closedD   in Y . 

Interrelationship  

From the above discussions and known results, we have the 

following implications. 

 
 

 
Remark. 3.8. The composition  of  two closedDN  maps 

need not be closedDN  in general. This is shown by the 

following example. 
 
Example 3.9.  Let d}c,{b, =  Z= Y = X be the sets with the 

topology d}}{c, {c}, , {X, =  , c}}{b, , {Y, =  and 

{d}} d},{b,,{Z, =  , respectively. Then )  (X,   ,  ) (Y, and 

 ) (Z, be the topological spaces. }{b} d},{b,, {X, = C(X)  , 

}{d}, {Y, = C(Y)  ,  }{c} c},{b,, {Z, = C(Z)  . We define  a  map 

 ) (Y,   ) (X, : f    as dbf )(  ,  bcf )( and  cdf )( the 

map  ) (Z,   ) (Y, : g    as  cbg )( , dcg )(  and  bdg )( . 

Then  f  and g are closedDN   maps, but their 

composition )(Z,  )  (X, :  o g  f  is not closedD  . 
 For, if 

 dbA ,   be any closed set in )  (X,   and  

d}{b, = d})g({c, =) d}) ({b,g( = (A) o g ff , which is not a 

closedDN  set in  ) (Z, . 
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Theorem 3.10.  If   ) (Y,   ) (X, :  f  is a closed map and  

 ) (Z,   ) (Y, : g    is closedD   map, then their 

composition )(Z,  )  (X, :  o g  f  is closedDN   map. 

Proof. Let G  be any closed set in )  (X,  . Since f  is a 

closed map, )(Gf  is closed in  ) (Y, . Since g  is 

closedDN   map,  ))(( Gfg  is closedDN  set in  ) (Z,

. Therefore (G))g( = (G) go ff is closedDN  set in  ) (Z, . 

Theorem 3.11.  If the space  is 1/2T ,  then every 

closedD  ( resp. closedDN   ) set is closed  ( 

resp. closed ). 

Proof.  Let   A  be any closedD  ( resp. closedDN  ) 

subset of the space  X, then we have A    (A)))(C((C   Int  

( resp. A)    (A)))((C  IntInt  . Since X is spaceT / 21 , 

every closedg   set is closed,  consequently 

(A)C = (A)C  . Thus, we get 

 )A   )(A))((C resp. ( A)) (A)(C(C  IntIntInt   

Theorem 3.12.    Let  ) (Y,   ) (X, :  f and 

 ) (Z,   ) (Y, : g   be any two mappings such that their 

composition  )(Z,  )  (X, :  o g  f is closedDN    
mapping. 

Then the following statements are true : 

1. If  f  is continuous map and  surjective,  then g is 

closedDN    
mapping  

 2. If g is irresoluteDN  map and injective, then f  is 

closedDN  mapping. 

3.  If  f   is continuousg    map ,  surjective and ) (X,   is 

spaceT 2/1 , then  g  is closedDN   
mapping. 

Proof: 1.  Let  A be any closed set in ) (Y,  . Since f   is 

continuous, )(f -1 A  is closedDN    
in ) (X,  and therefore 

))(f( o g -1 Af is closedDN   
in  ) (Y,  .  Since f   is 

surjective,   g  is closedDN   map. 

2.  Let  F   be any closed set in ) (X,  .  Since f o g  is 

closedDN  mapping,  )( o g Ff  is closedDN   
 in 

)(Z,  . Since  g  is irresoluteDN   
map,  ))( o (gg-1 Ff is 

closedDN     
in. ) (Y,  . Since f  is injective, f  is 

closedDN    
mapping. 

3. Let G  be  any closed set in ) (Y,  . Since f  is 

continuousg  ,  )(f -1 G  is closedg   in ) (X,  .  Since 

) (X,   is  spaceT 2/1 , )(f -1 G  is closed in ) (X, 

consequently ))(f(fg -1 G  is closedDN    in  )(Z,  . i.e. 

)(g G  is closedDN    in  )(Z,  , since f is surjective. It 

implies that is g is closedDN    
mapping.. 

Theorem  3.13.   Let  ) (Y,   ) (X, :  f be any 

closedDN    
mapping. Then 

))(())(( AClfAfClosureDN  . 

Proof:  Suppose f  is  closedDN    
map and  let A  be 

any subset of X .  Since )(ACl  is the closed set in  ) (X,  ,       

))(( AClf is closedDN   
in  ) (Y,  .  We have  

))(()( AClfAf  ,  therefore by Theorem 3.10 of  [10]

)1()))((())((  AClfClosureDAfClosureD NN 

. Since ))(( AClf is closedDN  , 

)(())((( AClfAClfClosureDN   , we have from (1),  

)))((())(( AClfAfClosureDN  . 
Remark  3.14.    However, the converse  of  the above 

Theorem 3.13 need not be true by the following example. 

Example 3.15.  Let c} b, {a, = X , {a}} b},{a, , {X, =  and 

 {1,2,3} = Y , {2,3}} {2},,{Y,=  . Then )  (X, and )  (Y, be 

topological spaces. {c}} c},{b,,{X, = C(X)  ,  

{1}} {1,3}, ,{Y, = ) C(Y  . 

{b}}c},{b,  {a}, c},{a, {c},  ,{X, = C(X)D  , 
{3}}{2},  {1}, {1,2}, {1.3},  ,{Y, = C(Y)D  . Let 

 ) (Y,   ) (X, :  f  be a function defined by  1)( af ,  

2)( bf  ,  3)( cf . Then 

)))((())(( AClfAfClosureDN   for every subset A  of 

X  .  But f  is not a closedDN  mapping, since  

}3,2{}),({ cbf , which is not closedDN   in  ) (Y, . 

 

4.        
MapOpenDN  

 
Definition 4.1. A function  ) (Y,   ) (X, :  f  is said to be 

openDN   if )(Vf  is openDN  in Y  for each open set 

V  in X . 
Theorem 4.2. (i)  Every open  map is openDN  . 

(ii)   Every openg   map is openDN  . 

(iii)  Every  opensemi   is openDN  . 

(iv) Every openD   map is openDN  . 

 
Proof;-   It is obvious. 
 
Theorem 4.3.  Let  ) (Y,   ) (X, :  f  be any bijective map,  

then the following statements are equivalent; 

(i) 1f  is continuousDN   . 

(ii) f   is  openDN   map. 

(iii) f   is closedDN   map. 

Proof. (i)   (ii): Let V  be any open set in ) (X,  . By 

assumption  f(V) = (V))(f -1-1 is openDN   in ) (Y,  .  

This shows that  f is  openDN    
map.  
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(ii)   (iii): Let G  be any closed set in ) (X,  . Then 
cG  is open set in ) (X,  , therefore by assumption 

cc (f(G))  )f(G   is openDN   in ) (Y,  , 

consequently  G) f(  is closedDN   in ) (Y,  .  

Hence the map f  is closedDN  .  

(iii)   (iv): Let G  be any closed set in )(X, . Then 

by assumption f(G)  is closedDN   in ) (Y,   

and therefore   (G))(f = f(G) -1-1 is closedDN   in 

) (Y,  ,  therefore 1f  is continuousDN  . 

Theorem 4.4.  If a map   ) (Y,   ) (X, :  f is openDN  , 

then  ))(())(( AfIntDAIntf N   for  every subset  A  of  

) (X,  . 

Proof.  Let   ) (Y,   ) (X, :  f be any openDN   
map  

and suppose A  be any open set in ) (X,  , then )( AInt is 

open in ) (X,  . Therefore ))(( AIntf is openDN  in 

) (Y,   and therefore )1())(()))(((  AIntfAIntfIntDN  . 

Since  AAInt )( , )())(( AfAIntf  ,  consequently 

))(()))((( AfIntDAIntfIntD NN   .  By  (1),   we have 

))(())(( AfIntDAIntf N   .
 

Remark  4.5.   However, the converse  of  the above 

Theorem 4.4  need not be true by the following example.  

Example 4.6.   Let c} b, {a, = X , {a}} b},{a, , {X, =  and 

 {1,2,3} = Y , {2,3}} {2},,{Y,=  . Then )  (X, and          

)  (Y, be  any two topological spaces.

{1,2}}{1,3},  {2,3}, {3}, {2},  ,{Y, = O(Y)D  .
  

Define a 

function  ) (Y,   ) (X, :  f  by 1)( af ,  2)( bf  ,  

3)( cf . Then ))(())(( AfIntDAIntf N   for  every 

subset  A  of  ) (X,  .  But the map f  is not  openDN  . 

Conclusion-
 
The notion of  lower separation axioms ,  

closed graphs and strongly closed graphs, which are defined 

in terms openD   and closedD  sets [9] can also be 

established by using openDN   and closedDN  sets. 
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